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Abstract. — We show that the Umit, by rescaUng, of the 'new supersymmetric 
index' attached to the Fourier-Laplace transform of a polarized variation of Hodge 
structure on a punctured affine line is equal to the spectral polynomial attached to 
the same object. We also extend the definition by Deligne of a Hodge filtration on 
the de Rham cohomology of a exponentially twisted polarized variation of complex 
Hodge structure and prove a Ei -degeneration property for it. 
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Introduction 

The purpose of this article, mainly concerned with exhibiting properties of the 
Fourier-Laplace transform of a variation of Hodge structure, is twofold. 

(1) Let X be a compact Riemann surface, let S' be a finite set of points on X. 
We wiU denote by j : U ^ X \ S '-^ X the inclusion. Let / : X ^ be a mero- 
morphic function on X which is holomorphic on U and let (V, ^V) be a holomorphic 
bundle on U equipped with a holomorphic connection. We denote by M the locally 
free ^x(*'S')-module of finite rank with a connection having regular singularities at 
each point of S and such that M|[/ = (V, ^V) (Deligne's meromorphic extension of 
(V, ^V)). In [4], P. Deligne defines a Hodge filtration on the de Rham cohomology of 
the exponentially twisted connection H^^{X, M i.e., that of the meromorphic 
bundle M with the twisted connection -I- dfA, at least when the monodromy of 
{V, ^V) is unitary (and thus corresponds to a variation of polarized Hodge structure 
of type (0,0)). 
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This Hodge filtration is indexed by real numbers, and Deligne proves a Ei- 
degencration property for the de Rham complex. It has a good behaviour with 
respect to duality. 

One is naturally led to the following questions: 

. In what sense do we get a Hodge filtration, i.e., what are the underlying 
Hodge properties? 

. Why are the jumps of this Hodge filtration related to the eigenvalues of the 
monodromy of / around f = oo (more precisely, the spectrum of / at infinity 
relative to (V", ^V))? 

. Is there a possible extension of this construction without the unitarity as- 
sumption, when (y, ^V) is only assumed to underlie a polarized variation of 
Hodge structure? 

In Sjni we extend the construction by Deligne of a filtration on the twisted de Rham 
cohomology H^yi{X,1\1®E.^) when (V, ^V) underlies a variation of polarized complex 
Hodge structure and give an answer to the previous questions. However, for simplicity, 
we restrict to the case where X = = U {00} and / is the coordinate function 
on 

(2) Let -ff be a complex vector space equipped with a positive definite Hermitian 
form h (that we call a Hermitian metric) and two endomorphisms and =S, where =S 
is selfadjoint with respect to h. The other purpose of this article is to give a relation 
between polynomials of degree dim H attached to this situation: 

. On the one hand, the characteristic polynomial of denoted by 
(T). 

. On the other hand, the spectral polynomials. The spectral polynomial at 
infinity, as defined in §l.al below, is attached to the holomorphic bundle with 
a meromorphic connection having a pole of order two associated to and J3 
(cf. ijl.dp . and denoted by SP^^ (T). With a supplementary assumption 

called "no ramification" , one can also define the spectral polynomial at the origin 

SP^,,.,^^,^)(7^) (cf. E3. 

There is a rescaling operator /i*, parametrized by r G C*, acting on the data 
{H, h,'^ (more precisely and more accurately, on the associated integrable twistor 
structure, cf. Appendix [B)) . 

The other main result of this article (Theorem 17. ip is to prove, under some con- 
ditions made explicit below (namely, {H,h,'^ is the de Rham cohomology of 
the exponential twist of a variation of polarized Hodge structure on a punctured 
line, in particular, the "no ramification" condition holds), a relation conjectured by 
C. Hertling: 

(0.1) ' 

^l^Susy^.(^_^_^_^)(r) = SP(jf_,,_^_^)(T). 
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A similar relation was first proved by C. Hertling (cf. [7, Th. 7.20]) when the connec- 
tion V has a regular singularity at z = 0. 

The relation between the two approaches ([1]) and ([2]) above is made explicit in 
Remark 17.21 below. Both questions rely on a detailed analysis of the Fourier-Laplace 
transform of a variation of polarized complex Hodge structure on the punctured affine 
line. 

Remark. — In the recent preprint 13 , T. Mochizuki extends the limit theorems 13.11 
and 13.51 in the higher dimensional case and gives applications to a characterization of 
nilpotent orbits. 

Acknowledgements. — I thank Claus Hertling for useful discussions on this subject 
and for his comments on a preliminary version of this article. I thank the referee for 
his careful reading of the manuscript and useful comments. 

1. Connections with a pole of order two 

Let be an open disc centered at the origin of C with coordinate z and let 
be a ^o-locally free sheaf with a meromorphic connection V having a pole of order 
two at the origin and no other pole (one can consider a more general situation, but 
we will restrict to this setting). We will moreover assume that the eigenvalues of 
the monodromy operator and of the formal monodromy operator have absolute value 
equal to one (so that the y-filtrations below are indexed by real numbers; here also, 
a more general situation could be considered, but we will restrict to this setting). 

l.a. Spectrum at infinity. — There exists a unique locally free ^pi(*c>o)- 
module equipped with a meromorphic connection V with poles at and oo only, 
such that 00 is a regular singularity, and which coincides with J'if when restricted 
to f2 (it is called the meromorphic Deligne extension of ( J^, V) at infinity, cf. [2 ). 
Let us denote by z' = 1/z the coordinate at infinity on P^. For any 7 £ R, the 
7-Deligne extension of Jif at infinity is the locally free ^pi -module V^Jif on which 
the connection has a logarithmic pole at infinity with residue having eigenvalues in 
[7,7-1-1). According to the Birkhoff-Grothendieck theorem, VJ^ decomposes as the 
direct sum of rank-one locally free ^pi -modules V^J^ = ^pi(ai) © • • • © ^vi{ark,^) 
with ai ^ 02 ^ • ■ ■ ■ We denote by Vj the number of such line bundles which are ^ 
and by u^^ the difference — Vy^ . 

We can express these numbers a little differently. We have a natural morphism 

(1.1) ^pi (E)c T{¥\V''jr) — > VjF 

whose image is denoted by . This is a subbundle of VJ^ in the sense that 
V^J^/y^ is also a locally free sheaf of i^pi-modules; more precisely, fixing a Birkhoff- 
Grothendieck decomposition as above, we have y = ©iia^jso ('^i) (indeed, for 
any line bundle (^pi(fc), ^pi (g)c r(P\^pi(fc)) ^pi(fc) is onto if fc ^ and if 
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fc < 0) SO is a direct summand of of rank v^. Restricting to fi, we get a 

decreasing filtration 'f of indexed by M. The graded pieces gr^ M' :— -yi l'f'>^ 
are locally free ^o-modules (being isomorphic to the kernel of ^ j'V'^'^ /Y^), 
and = rk gr^ J^f. 

Let us recall the definition of the spectral polynomial SP^ (cf. [17] or [141 
§III.2.b]). 

Dc^wift'on 7.2 (Spectrum at infinity). — The spectral polynomial of at infinity is 
the polynomial SP^{T) = 1\^{T - j)"-' with (for any Zo G n) 

= rkgr^y = dimi:^ gv'^y = dimr''/(r>'' + {z - Zo)'f'^). 

In the following, we will often use an algebraic version of the previous construction, 
which is obtained as follows: set Gg — r{P^,M'), which is a free C[z]-module of finite 
rank; the (decreasing) Deligne F-filtration of G := C[z, z~^] C>5c[z] Gq at z = oo is 
a filtration V'G of G by C[z']-free submodules; in particular, z'VG = V^^G and 
zdz+-f = -z'd,j + 7 is nilpotcnt on gr^ G := V'^G/V>'^G. Then, r(P\y'^^) = 
y^GnGo =: F'^Go. 

When tensored with ^pi (*cxd) and after taking global sections, is the inclusion 
morphism 

CH-y^Go-^Go. 

As C[z] • y Go is a direct summand in Gq, this inclusion induces an inclusion of fibres 
at Zo for any Zq G C, and so 

V\Ga/{z - Zo)Go) := FTGo/[(z - z„)Go n V^^G] 

= [C[z] • T/^Go + (^ - z„)Go] /(z - Zo)Go 

has dimension u^. Then we also have 

z/^(Go) = dimgr^(Go/(z - 2:o)Go) 

^^■^^ = dim(Go n T/'^G)/ [(Go n V>''G) + ((z - Zo)Go n V^G)] . 

Example 1.4. — In |17j (where an increasing version of the X^-filtration is used, hence 
the change of sign below), this polynomial is denoted by SP^(G, Gq). Correspond- 
ingly, the set of pairs (—7,1/^) above is called the spectrum (at infinity) of (G, Gq). 
When Go is the Brieskorn lattice attached to a cohomologically tame function on 
an affine smooth variety of dimension n + 1 (cf. loc. cit.), the spectrum at infinity is 
symmetric with respect to (n + l)/2 and the numbers —7 belong to [0, rt + 1] fl Q. 

l.b. Spectrum at the origin. — We now make a supplementary assumption on 
(Jf , V). Let us denote by the locally free ^o[l/2:]-module &n[^/z\ Jif, 

with its natural meromorphic connection. By the Levelt-Turrittin theorem, the asso- 
ciated formal module C|z][l/z] can be decomposed, after a suitable ramifica- 
tion of z, as the direct sum of meromorphic connections which are tensor product of a 
rank-one irregular connection with a regular one. Here, we make the assumption that 
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no ramification is needed to get the Levelt-Turrittin decomposition (cf. Appendix [Bifor 
the need of such a condition) . One can formulate this condition in terms of Laplace 
transforms, in the coordinate z' :— l/z: 

Lemma 1.5. — The "no ramification" condition is equivalent to saying that the 
Laplace transform of the <C[z']{dz>) -module G associated with J/iC has only regular 
singularities (included at infinity). 

Sketch of proof. — This follows from the slope correspondence in the Fourier-Laplace 
transform (cf. |10[ Chap. V]). We will not distinguish between the Laplace transform 
and the inverse Laplace transform. Assume that G is the Laplace transform of M . 
The formal part of M at the origin produces the formal part of slope < 1 of G at 
z' = oo. By assumption, only the slope can appear, so M is regular at the origin. 
A similar reasoning can be done at each singular point of M by twisting by a suitable 
exponential term, showing that M has only regular singularities at finite distance. 
The part of slope < 1 of M at infinity produces the formal part of G at z' = 0, 
and as G is regular at z' ~ 0, only the slope occurs as a slope < 1 for M at 
infinity. Slopes equal to 1 for M at infinity would produce singular points of G at 
finite distance, and not equal to z' = 0. There are none. Lastly, slopes > 1 for M at 
infinity would produce slopes > 1 for G at z' = oo. There are none. Hence M has to 
be regular (slope 0) at infinity. □ 

Let us set = Cfz] When the "no ramification" condition is fulfilled, 

the Levelt-Turrittin decomposition for ^^^[l/z] already exists for ^. There exists 
then a finite number of pairwise distinct complex numbers Ci {i G /) and a finite 
number of free C{z}-modules J^i with a regular meromorphic connection having a 
pole of order at most two, such that 

(1.6) Jf^ ~ 0(^^(8)6?"='/^)^, 

where S''^^/^ is C{z} equipped with the connection d — Cidz/z^. Each is equipped 
with a regular meromorphic connection V. The free C{z}[l/z]-module has 
a canonical decreasing Deligne filtration V Jifi[l/ z] indexed by real numbers (by our 
assumption) so that zd^ — 7 is nilpotent on the vector space gr^ 

£)c/i«ift"o« 7.7 (Spectrum at the origin). — For any i ^ I, the spectral polynomial of 
the regular meromorphic connection J^fi at the origin is the polynomial SP% (T) = 

UjiT + jr---' , with 

^ jnnv^^,[i/z] 

and we set SP^(r) = f], SP%{T). 

(The choice T -|- 7 is done in order to have similar formulas for SP° and SP°°.) 
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Example 1.8. — When is the analytization of the Brieskorn lattice Go of a coho- 
mologically tame function on a smooth affine variety (cf. Example II. 4[) , then ^ ^ 
only if —Ci is a critical value of this function, and is the formal (with respect 
to = z) local Brieskorn lattice at this critical value (this follows from jl41 
Prop. V. 3. 6] for instance). The set of pairs (7,/!^^^) is the spectrum at this criti- 
cal value (with a shift by one with respect to the definition of [23j): it is symmetric 
with respect to {n + l)/2 and the numbers 7 belong to (0, n + 1). (See also |23| . [22] 
and [BJ Chap. 10-11] and the references therein for detailed results in the case of a 
singularity germ.) 

Remark 1.9. — Assume that V has a pole of order one on ,3^. Then SP^ is the 
characteristic polynomial of — Res V (residue of the connection at z = 0). We also 
have SP^ — SPj^ (cf. e.g. |i4i Ex. III. 2. 6]). We conclude that in an exact sequence 
of logarithmic connections, SP^ and SP ^ behave multiplicatively. 

I.e. Connection with a pole of order tv^ro by Laplace transform. — Let us 

recall the notion of Laplace transform of a filtered C[i:](9t)-module (cf. 14, §V.2.c] 
or [19[ §l.d]. Let ^ be the afhne line with coordinate t and let M be a holonomic 
C[t](5t)-module. We set G := M[d^^] = C[t](9t, 9^-^) ®c[t](dt) M (it is known that G 
is also holonomic as a C[<](9t)-module) and we denote by loc : M ^ G the natural 
morphism (the kernel and cokernel of which are isomorphic to powers of C[t\ with 
its natural structure of left C[t](9t)-module). For any lattice L of M, i.e., a C[t]- 
submodule of finite type such that M — C[dt] ■ L, we set 



This is a C[9j '^J-submodule of G. Moreover, because of the relation [t,df ^] — {df ^)'^, 
it is naturally equipped with an action of C[t] . If M has a regular singularity at infinity, 
then g[,^' has finite type over C[d^^] (cf. [fl Th. V.2.7]). We have G = C[dt] ■ G\^\ 
Let us now assume that M is equipped with a good filtration F,M . In the following, 
in order to keep the correspondence with Hodge theory, we will work with decreasing 
filtrations F'M, the correspondence being given by F^M :— F^pM. Let po G Z. 
We say that F'M is generated by FP" M if, for any £ ^ 0, we have FP°-^M = 
pPoM + ■■■ + d^FP°M. The C[9r^]-module af^G^,^""^ does not depend on the choice 
of the index pq, provided that the generating assumption is satisfied (cf. [191 §l.d]). 
We thus define the Brieskorn lattice of the filtration F' M as 

(1.11) Gq^"* — d^°G\^ for some (or any) index po of generation. 

If we also set z — , then Gq is a free C[z]-module which satisfies G = 
C[z, z^'^] iX>c[z] Gff '' and which is stable by the action of z^dz t. 
For any p, we have 



(1.10) 




(1.12) 



£c{FPM) C zPG'q'^ 



8 



C. SABBAH 



Indeed, zPCf^ = J^j^o dp^''^''°\oc{FP» M); Hp ^ po, we have d^'^^PPM C FP"M, 
hence the desired inclusion after applying loc; \i p ^ Pq, we have F^M = F^" + • ■ • + 
df°~^FP°M, and the result is clear. 

1. d. Integrable twistor structures. — Let be a finite dimensional complex 
vector space equipped with a Hermitian metric h and of two cndomorphisms and cS, 
with ^ being selfadjoint with respect to h. Let be the /i-adjoint of . Let fio be 
an open neighbourhood of the closed disc |z| < 1 in C and let us set J^' — i^Oo ®c H, 
equipped with the meromorphic connection V = c? + (z^^"^ — z^^=S — '^'')dz. 

We will denote hy ^ — (J^', J^'/^s) the associated twistor structure (as defined 
in ii2.bl below, by taking X to be a point). 

We wiU denote by SP^(T) or by SP(^ h ^) (^) ^^e spectral polynomial at infinity 
SP^/(T). On the other hand, if V has no ramification at the origin, we will denote 
by SP^(T) or by SP°H,h,'>i^ ,J2)(T) the spectral polynomial at the origin SF%.,{T). 

2. A reviev^r on integrable twistor i^-modules 

In this section and in Section [H we gather the notation and results needed for the 
proofs of the main theorems of this article. We refer to |16L I19L 118] for details. 

2. a. Integrable harmonic Higgs bundles. — Let X be a complex manifold and 
let -E be a holomorphic bundle on X, equipped with a Hermitian metric h. For any 
operator P acting linearly on E, we will denote by its adjoint with respect to h. 

Let 6* be a holomorphic Higgs field on E, that is, an if^x-linear morphism E 
®0x ^ satisfying the "integrability relation" 9 Ad = 0. Wc then say that {E, 9) 
is a Higgs bundle (cf. f26|). 

Let -E be a holomorphic bundle with a Hermitian metric h and a holomorphic Higgs 
field 9. Let H be the associated bundle, so that E = Kcrd", let D = D' + D" , 
with D" — d" , be the Chern connection of h. We say, after [26] . that {E,h,9) 
is a harmonic Higgs bundle (or that h is Hermite- Einstein with respect to (E,9)) 
ii := D + 9 + 9'f is an integrable connection on H. The holomorphic bundle 
V = Ker((i" + 0^) is then equipped with a flat holomorphic connection ^V, which is 
the restriction of ^D' -.^ D' + 9 to V. 

We say (cf. [7], see also |16[ Chap. 7]) that it is integrable if there exist two endo- 
morphisms and ^ oi H such that 



(2.1) is holomorphic, i.e., d"('^) = 0, 

(2.2) ^ 

(2.3) [6','^]=0, 

(2.4) D'{^) -[9,^]+9 = 0, 

(2.5) D'{^) + [9,'^^=0. 
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Remark 2.6. — Let us note that {f^ + cid. =S + Aid) satisfy the same equations for 
any c G C and A G R. One way to fix A is to impose a compatibiHty condition with 
a given supplementary real structure. This would impose that ^ is purely imaginary 
(of. [7]). We then denote by ^Hcrt -j-j^jg q}^q\qq^ which is the only one among the 
^+A Id, A G R, to be purely imaginary. With respect to the symmetric nondegenerate 
bilinear form deduced from the Hermitian metric and the real structure, ^Hert 
skewsymmetric, hence its characteristic polynomial satisfies Susyj-^ <^ _gHcrt)(— T) = 
(-l)d-^Susy(^,,,^,^Ho.)(r). 

For any x G X, the Hermitian vector space {Hx, h^) decomposes with respect to 
the eigenvalues of J^x- However, these eigenvalues, which are real, may vary with x. 

Example 2.7 (Polarized variation of complex Hodge structure) 

If <^ = (or = cid), then, according to ([21]) and ([231) D(^) = and, 
working in a local /i-orthonormal frame where =S is diagonal, this implies that the 
eigenvalues of ^ are constant. Let denote the eigen subbundle corresponding 
to the eigenvalue p e R. Then D'Rp C ® m , D"HP C fll^ ® HP and jM]) 
implies 9 HP C ft^ €5 HP~^. The decreasing filtration (indexed by M) defined by 
PPH = ®p/>p HP is stable by ^D", hence induces a filtration F'V of the holomorphic 
bundle V := Ker^D" by holomorphic subbundlcs, which satisfies ^VPPV C FP'^V. 
Moreover, if we choose a sign Ep G {±1} in such a way that, for any p G M, ep+i — —£p, 
the nondegenerate sesquilinear form k defined by the properties that the decompo- 
sition ©pg^iJ^ is fc-orthogonal and k^^p — ^ph\HPj is ^-flat. We thus recover the 
standard notion of a polarized variation of complex Hodge structure of weight 0, if 
we accept filtrations indexed by real numbers, and if we set HP — HP'~p. 

2.b. Variations of twistor structures. — The notion of an integrable variation 
of twistor structures (and, more generally, that of an integrable twistor ^-module) is 
a convenient way to handle integrable harmonic Higgs bundles. It was introduced in 
|27| . The presentation given here follows |16) . and the reader can also refer to [111 
Chap. 3]. 

Notation. — If X is a complex manifold, X will denote the conjugate manifold (with 
structure sheaf ^x), and Xtr will denote the underlying real-analytic or C°°-manifold. 
We will denote by the Riemann sphere, covered by the two affine charts ~ with 
coordinate z and 1/z, and by p : X xF^ X the projection. 

The coordinate z being fixed, we denote by S the circle |z| = 1, by an open 
neighbourhood of the closed disc Aq :— {\z\ ^ 1} and by floo an open neighbourhood 
of the closed disc A^o '■— {\z\ ^ 1}. 

We will denote by cr : ^ the anti-holomorphic involution z i-^ —l/'z. We 
assume that iloo — o'(f^o)- We denote by t : P'^ ^ P^ the holomorphic involution 
z ^ —z. 
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It will be convenient to use the notation ^ for X x JIq and ^ for X x Vloo- Let us 
introduce the notion of twistor conjugation. Let be a holomorphic vector bundle 
on Then " is a holomorphic bundle on the conjugate manifold ^ := X x flo 
and a*Jlf" is a holomorphic bundle on ^ = X x fioo (i-e., is an anti-holomorphic 
family of holomorphic bundles on floo)- We will set Jff" := a*J^". 

By a C°° family of holomorphic vector bundles on parametrized by Xr we 
will mean the data of a triple {J^' , M"' ^ consisting of holomorphic vector bundle 
M" on X X Oq and a nondegenerate ^xxs ^Xxs'^i'^^^'^ morphism 

©S • ^^i^s ' ^XjXS' 

where "^^^xs the sheaf of functions on x S which are real analytic with 
respect to z £ S. The nondegeneracy condition means that defines a C°°'™-gluing 
between the dual .^'"^ of and ", giving rise to a "^^'^pi -locally free sheaf of 

finite rank that we denote by . 

Variations of twistor structures. — By a C°° variation of twistor structure on X we 
mean the data of a triple {J^' , Jif", ^s) defining a C°° family of holomorphic bundles 
on as above, such that each of the holomorphic bundles Jif', Jf" is equipped with 
a relative holomorphic connection 

(2.8) V : .Jf'i") i JT'C) 

which has a pole along z = and is integrable. Moreover, the pairing '■^s has to be 
compatible (in the usual sense) with the connections, i.e., 

d''Tos{m\m") = ^s(Vm',m") and d"'^s(fTi = ^s(™',Vto"). 

Let us note that we can define V as 

If we regard as a C°°^™-linear isomorphism 

the compatibility with V means that "^^s is compatible with the connection d' + V on 
the left-hand side and V"^ + c?" on the right-hand side, where c?', c?" are the standard 
differentials with respect to X only. 

. The adjoint {M" is defined as {■^" ."^l), with 

'^s(m",m') := 'rfs{m' ,m"). 

With respect to (12. 9|) . we can write = ^s^• 
. If /c G iZ, the Tate twist (k) is defined by ^(fc) := (Jf", Jf", (iz-2fe)<^s). 

We say that the variation is 

. Hermitian if = Jf' and is "Hermitian", i.e., = <^s, 
• pure of weight if the restriction to each x £ X defines a trivial holomorphic 
bundle on P^, 
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. polarized and pure of weight if it is pure of weight 0, Hermitian, and the Her- 
mitian form on the bundle H := p^-j/zf is positive definite, i.e., is a Hermitian metric. 

Lem/wa 2.70 (C.Simpson 1221). — We have an equivalence between variations of po- 
larized pure twistor structures of weight and harmonic Higgs bundles, by taking 
-global sections. □ 

Remark 2.11 . — There is a natural notion of a (polarized) variation of twistor struc- 
ture of weight w e Z (cf. [23). We say that ^ = (^',^",^s) is pure of weight w 
if the restriction to each x X defines a bundle isomorphic to ffvi(wY. A Hermi- 
tian duality is an isomorphism = {S',S") : —* !j'^{—uS). We say that .5^ is a 
polarization if the Tate twisted object (=fF,^)(w/2) is polarized (cf. [16] for details, 
see also 

2.C. Integrable variations of twistor structures. — A variation of twistor 
structure {M" is integrable if the relative connection V on M" comes 
from an absolute connection also denoted by V, which has Poincare rank one (cf. [161 
Chap. 7]). In other words, zV should be an integrable meromorphic z-connection 
on c^',^" with a logarithmic pole along 2 = 0. We also ask for a supplementary 
compatibility property of the absolute connection with the pairing in the following 
way: 

oz 

[Here, we regard "^^^xs ^ ^^e sheaf of germs along AT x S of C°° functions which 
are holomorphic with respect to z; when considering it as the sheaf of C°° functions 
which are real analytic with respect to z £ S, one should replace the operator z-^ 
withz^-z^.] 

Lemma 12.101 can be extended to integrable variations: 

Lcmfwa 2.72 (C. Hertling [7], cf. also [16, Cor. 7.2.6]). — The equivalence of Lemma 
12.101 specializes to an equivalence between integrable variations of pure polarized 
twistor structures of weight and integrable harmonic Higgs bundles, i.e., harmonic 
Higgs bundles equipped with endomorphisms ^ , ^ satisfying p.l|) - ([2.5^ . □ 



Let us indicate one direction of the correspondence. Starting from {H, h,6,'^ , =S), 
we construct an integrable variation of Hermitian twistor structures {J^' , .J^" ,^s) 
by setting — p*H on ,9^ , with the (i"-operator D'l^ :— D" -\- zO'^ and we set 
= KeT D'^ = J/f". The relative connection ([2.8p is defined as the restriction 
of D'j^ := D' -\- z^^9 to M" . The absolute connection is obtained by adding to the 
relative connection V the connection in the z-variablc d'^, + (z^^"^ — z^^=S — '^i/'^^dz 
(cf. |7] or [161 §7.2.c] for more details). 

Remark 2.13. — Given an integrable variation of twistor structure ^ = {Jif' , J^" ,^s), 
we will say that the structure obtained by changing the action of z^Vg^ on J^' to 
z^V Q_, — Az and that on M"' to z^Vg^ — Az (A G C) is equivalent to the previous 
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one. If the variation of twistor structure is Hermitian, the equivalent structure is still 
compatible with ^ iff A e R. 

Remark 2.14 (Tate twist and integrability). — The effect of the Tate twist (fc) (with 
k e iZ) on the action of z^dz is a shift between Jif" and Jff" by 2kz. In this article, 
it will be convenient to choose a nonsymmetric shift, namely, the action on is 
unchanged, and that on J^' is changed into z^dz — 2kz. 

Remark 2.15. — In the previous correspondence, we identify the bundle E on X 
with the restriction J^"/zJ^". Then is induced by the action of z^Vg^ . = 

(the case of a variation of Hodge structure), then J^" is stable by zVq,, and the 
characteristic polynomial of ^ is equal to that of the restriction of — zVa, to E. 

2.d. The 'new supersymmetric index'. — We assume in this paragraph that X 
is a point, so we work with twistor structures. 

Definition 2.16 id. |1| and |7|). — Let .3^ ^ (Jf",^','^s) be an integrable polarized 
pure twistor structure of weight with polarization ^ = (Id, Id). Let be the 

associated endomorphisms of the corresponding finite dimensional complex vector 
space with positive definite Hermitian form. The endomorphism ^ is called the 'new 
supersymmetric index' attached to We denote by Susy5f(r) its characteristic 
polynomial. 

It will be convenient to extend to any weight the previous definition. 

Definition 2.17. — Let ^ — {J^' , Jif", %) be an integrable pure twistor structure of 
weight w with polarization We set 

Susy,7(r) := Susy^(^/2)(T')- 
Similarly, we define the spectral polynomials: 

Definition 2.18. — Let = (Jf ', ", "^s) be an integrable twistor structure (not 
necessarily pure or polarized) . We define (if the "no ramification" condition is fulfilled, 
for SP°): 

sp^(r) = sp^„(r) and sp°^(r) = sp^„(r). 

According to Definition 1 2 . 1 71 and to Remark l2.141 we have, for any k £ ^Z, 
(2.19) Susy3?(fc) — Susy^r, SP^j^) = SP^, SP^(j,) — SP% . 

2.e. Twistor ^-modules. — In order to allow singularities in variations of twistor 
structure, we have introduced in [161 the notion of polarizable twistor ^-module (see 
also 11' for an extension of this notion with parabolic weights). We will briefly recall 
this notion. 

We first introduce the sheaf of differential operators, locally isomorphic to 
^s:{(^xi, ■ ■ ■ by setting S^^. — zdx^- A left ^jr-module is nothing else but a 

^^-module with a flat z-connection. 
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The category ^-Triples(X) consists of triples (^',^",'^3)7 where are 
left ^^-modules and : -^[^ ®e\s ^ 2)faxHxs/s is a ^^|s ®e\s ^sr\s hnear 
morphism with values in the sheaf 'Dbx^xs/s of distributions on X x S which are 
continuous with respect to z G S. There is a natural notion of morphism. This 
category has Tate twists by ^Z, and a notion of adjunction (cf. |16| §1.6]). Restricting 
./#' or to z = 1 gives left ^x-modules, while restricting them to z = gives 
modules with a Higgs field. 

There is a notion of direct image, hence of de Rham cohomology when taking the 
direct image by the constant map. 

Supplementary properties are introduced in order to define the notion of polarized 
twistor ^-module of some weight. We will not recall them here and refer to [16] for 
further details. 



2.f. Specialization and integrability (the tame case). — In the remaining 
part of Section [2l we assume that X is a disc with coordinate x and we denote by 
j : X* ^ X the inclusion of the punctured disc X \ {0} in X. 

Let — , ^s) be a regular twistor ^-module of weight w on X polarized 
hy .y = (S" = (-1)'"5"', S") (cf. [161) with only singularity at x = 0, so that Jfx* is 
a polarized variation of twistor structures of weight w, which has a tame behaviour 
near the singularity, in the sense of [25i (cf. [161 111) ). 

For any /3 £ C with Re/3 G (—1,0], the nearby cycle functor^^l sends such a 
triple ^ to a triple 5"^^ £ Triples({0}), equipped with a morphism ^ : 'I'f^ e 
^-Triples({0}) ^'f5^(-l) G ^- Triples({0}). If M. denotes the monodromy fil- 
tration, then the graded object gr^ equipped with the morphism gr?::^2 is a 
graded Lefschetz twistor ^-module of weight w and type e — —1. Moreover, ^'^=5^ 
induces, by grading, a polarization of this object. 

We have a similar result for vanishing cycles: (gr^ (f)~^^, gr'^2 ^) is an object of 
MLT^"^-* (X, w; — 1) and (p^^y induces, by grading, a polarization (this follows from 
[161 Cor. 4.1.17]). 

Let us moreover assume that is integrable (cf. [161 Chap. 7], where one 

should modify (7.1.2) by using the operator zd/dz — Id/dz (standard conjugation) 
on the left-hand side, as (7.1.2) was mistakenly written there for distributions which 
are holomorphic with respect to z), so that, in particular, the corresponding variation 
is integrable on X* . Then from loc. cit. we know that 7^ only if (3 is real, 

so that (3 -k z — (3z above, there is no difference between the notations 5"^^ and 
ij^^S^ of loc. cit., and moreover, using the induced action of z^dz, '^^■3^ remains 
integrable. Going then to gr^ ^'f we get an integrable polarized twistor structure 
of weight w + £ (cf. [l6i Lemma 7.3.8]). The action of z'^d^ on gr^ is the 

action naturally induced by z^dz on . A similar result holds for gr^ 



'^•'In !16] it is defined with the increasing convention for the V-filtration. Here we use the decreasing 
one. The correspondence is = ^x,a with /3 = —a — 1. 
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2.g. Specialization and integrability (the wild case). — We keep the notation 
of but we will consider the more general case of a polarized wild twistor i^-module 
^ = (^', ^s) of weight w with polarization for which we refer to |20|, I12j. 
We will also assume that the "no ramification" condition is fulfilled, that is, we assume 
that [20] Prop. 4.5.4] holds with ramification index q equal to one. Therefore, setting 
^ = .4^' or , we have a formal decomposition 

(DEC^) ^ ^ 0(^f (8) S"P'/''), e x-^C[x-^]. 

i 

Let us also notice that, when we restrict to z = 0, the decomposition holds at the 
level of ^/z^icL [Ml Rem. 4.5.5]). ^ 

For any ip e x~''-C[x~''-] and any /? e C with Re/3 G (-1,0], we set ;= 
can then define the objects ^'!^'''^, equipped with ^ : 
^ The condition of being a polarized wild twistor ^-module of 

weight w at a; = means that, for all (i as above, (gr^ , gr^2 -^), equipped 

with the naturally induced sesquilinear duality, is a graded Lefschetz twistor structure 
of weight w, in the sense of [16|, §2.1.e]. As a consequence, if = 0, the vanishing 
cycles (gr^ (f)^~^ £/' , gr^2 ^) ^I'e of the same kind. 

For any G a;^"'^C[a;^"'^], the exponentially twisted .^^[x~^]-module ^ ® S~'fl^ 
remains integrable, if ^ is so, hence, according to flf), Prop. 7.3.1], so are the modules 
4'^''^^ (/9 G (-1,0]) and 0"'"^^. Moreover, the formal module is clearly 
integrable. 

Lemma 2.20. — Each .01^ entering in the decomposition (DEC^) is integrable. 

Proof. — Firstly, the irregular part ^j^j. of (i.e., corresponding in (DEC^) to 
the sum over the nonzero ipi) remains integrable, as, near any Zq G f2o, it can be 
realized as the intersection Hfe where V'^^ is the F-filtration of 

(defined near Zo), and we know that each step of the filtration is integrable f [161 
Prop. 7.4.1]). 

Let io G / be such that (pi^ — 0. We claim that is integrable: because of the 
previous remark apphed to Ji^®S~'<'^^^ for i ^ io, {z'^dz^Lpi)S^^^ — hence z^d^S^^^ — 
has no component on the regular part of ® S~^^l^ ., that is, on ; thus .^^^ is 
stable by z^d^. The same result applies to any , by globally twisting .JC^ by 
g-^Pijz ^ hence the lemma. □ 

By assumption on each is strictly specializable. Applying [161 Lemma 
7.3.7], we find that ^"^J^ ^ =^ /3 G M. 

3. Specialization of the new supersymmetric index 

In this section, X denotes a disc with coordinate x and j denotes the inclusion of 
the punctured disc X* :— X \ {0} into X. 
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3. a. The tame case. — In this subsection, we keep the setting of !j2.fl and we 

assume that (5^,^) is integrable. 

Theorem 3.1 . — We have the following correspondence between Susy polynomials: 

(EIK*) nmSusy^jr)= n ns"^ygrf*g^(^) 

"^"^ /3e(-i,o]f^o 

Remark 3.2. — If ,'^\x-' consists of a polarized variation of Hodge structures of 
weight w, then Susy^^(r) is constant (cf. Lemma 15.41 below). In general, however, 
the eigenvalues of do vary (see the example in [3 (7.115)] for instance). 



Proof of Theorem 13.11 — For simplicity, wc will assume w = (this can be obtained 
by a Tate twist {w/2)) and that J^' = ^" and ^ = (Id, Id). Let us fix /3 G 
(-1,0]. By assumption, (gr^*g^,^) is a graded Lefschetz twistor structure which 
is polarized and of weight (cf. [16[ §2.1.e]). It thus corresponds to a Hermitian 
vector space H with a SL2(M)-action (cf. [16( Rem. 2.1.15]), hence a graded vector 
space H = 0^ Hi with a nilpotent endomorphism of degree —2. We denote the 
standard action of the generators of s[2(K) by X, Y,H, so that Hi is the eigenspace 
of H for the eigenvalue I. Then, for ^ ^ 0, a basis ^ ^ of the primitive subspace 
Y'Hi defines a global frame of ^ := P gr^ which is orthonormal for P^'^s 

(the sesquilinear form of P gr^ '^x-^) in which the matrix of z^dz takes the form 
^/3,£— ''^^a/z — P^J^z^. We can assume that ^^0/ is diagonal, being selfadjoint with 
respect to the positive definite Hermitian form on VHi. 

The construction done in [16[ §5.4.c] extends this family of frames first to a frame 
f^px,k (^ e N, fc = 0, . . . , £) of gr^2fe and then to a local frame e,3 of F'^^ (the 

local construction near each Zo done in loc. cit. is not needed here as the ^-filtration 
is globally defined with respect to z, cf. [16i Rem. 3.3.6(2)]). 

The action of z^dz leaves the ^-filtration invariant (cf. [16i Prop. 7.3.1]), as well 
as the lift of the M-filtration on each (cf. [161 Lemma 7.3.8]). Therefore, the 
matrix B of z'^dz in the frame e, which is holomorphic, is "triangular" up to powers 
of X with respect to M.y , i.e., can be written as 

(3.3) B = \Bp,p,a © © B0,,p 

with Bfj'^i^/x holomorphic if /?' < /3, and where the index j in i?/3,/3j denotes the 
weight with respect to H, so that [H, 5/3^/3 j] = jB/s^/sj. Moreover, the matrix Bf3,i3fi 
can be written as '^/3^f3fi — ^(i^p^QZ — p^z'^, and is block-diagonal with respect 
to the previous decomposition (£, k) of the frame e^, and the diagonal (€, fc)-block 
of .^p^pfi is ^^i3,e + {—k + i/2)ld. In particular, the characteristic polynomial of 
®/3e(-i,o] ^/3,/3,o is the right-hand side in p.ip(*)l 

Let us denote by A{x, z) the matrix 0^g('_]^ g] |a;|'^L(2;)^^^, with L(a;) :— \ log la;]^|. 



By |16[ Lemma 5.4.7]!^ there exists on X* x Hq (up to shrinking X and JIq, as 



'^'in loc. cit., the matrix A is multiplied by e this is in fact not needed in the argument. 
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defined in ijl.d[) a matrix S{x, z) with Um^^o S{x, z) = Q uniformly with respect to z, 
such that the frame 

£ := e • A{x,zy^{lA+S{x,z)) 

is an orthonormal frame for '^S's- The matrix of z'^dz in this frame will enable us to 
compute the left-hand side in the theorem. 
This matrix is equal to 

{lA+S)-^ABA-^{ld^S) + {ld+S)~^Az^dz[A-^{ld+S)]. 

The second term is a multiple of and will not contribute to 
Let us note that the block {AB A^^) pi (/?' ^ (3) is equal to 

(3.4) \xf-f'Uxr'^Bp,jMx)-'''\ 

and tends to when a; — *■ (since, when /?'</? and /3, (3' G (—1, 0], Bp/.p/x is locally 
bounded and 1 + — /3 > 0). Then so does its conjugate by Id +5. 

A similar reasoning can be done for ApBp^p,^^iA^^ , which gives a decay at least 
like L(a;)"^/^ when x ^ 0. 

Now, ApBfj,pfiAp^ = Bp^p^Q, and the coefficient of —z is ^p,pfi, which is thus 
equal to limj^^o ■^x- This gives the conclusion. □ 

3.b. The wild case. — We now consider the setting of §2.g[ We then have the 
following generalization of Theorem l3.1l 

Theorem 3.5. — Let £/' = (^',^",'^s) be a wild twistor S^-module of weight w 
polarized by , satisfying the "no ramification" condition. We have the following 
correspondence between Susy polynomials: 

mi*) hmSusy^jr)= n n nSusyg,.M^..^^(T). 

<pex-iC[a:-i] /3e(-l,0] f^O 

Proof. — As in the proof of Theorem 13. li we will assume w = 0, = and 
■5^ — (Id, Id). We will make an extensive use of |20[ §§5.2 & 5.4]. As in the tame 
case, we start with a frame e° ^ ^ of Y'f'^./^ := P gr^ ^'^''^^ which is orthonormal 
for P^''^'^s, for any (/?, /3, (.. The matrix of z'^dz in this frame takes the form ^^p^p/ — 
^^if.p/z — p fZ^ . The constructions of loc. cit. produce a frame e of ^|x* which 
is orthonormal with respect to (cf. [20, Cor. 5.4.3]), and we wish to compute the 
matrix of z^dz in this frame. Let us recall the steps going from e to e. 

(1) We first lift, exactly as in the tame case, each of the frames e° . ^ to a frame 
(e<^i,/3)/3 of . Arguing as in the tame case, the matrix B of z^dz in the frame e 
takes the form 0,- Ba, where Ba decomposes as in p.Sp . As remarked in §2.g| (after 
(DEC^)), we can assume that, when restricted to z = 0, the frame 'e.\z=a is a frame 
of ^/z^, and is compatible with the corresponding 93-decomposition, so Bii(x,0) 
is convergent. 
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(2) We then work locally with respect to Zq and in small sectors in the variable x. 
Let TT : y ^ X be the real oriented blow up of X at the origin, with = 7r^^(0), 
and let us set ^ — Y x ^Iq. Let us denote by the sheaf of C°° functions on 
which are holomorphic with respect to z and holomorphic on X* x ^Iq. We then lift 
the frame e to a jz/g^^^^^^^-frame, for any G and Zq £ ^Iq, and we get frames 
is'g(4o,Zo) — {'^el^°'^°^)i. We can assume that, when restricted to z = 0, the frame 
'^^\t=o' comes from a frame of ^ j z^ compatible with the iy9-decomposition. The 
matrix '^_b(4°'^°) of z^dz satisfies the following properties (according to [201 Lemma 
5.2.6]): 

(a) if i,j G / are distinct, the term '^B^j"'^"'' is infinitely flat along x i7o 
in a neighbourhood of (^o, Zo) and, for Zo — 0, (x, 0) = 0, 

(b) for any i d I, the term '"^Blf"' ° has an asymptotic expansion equal to 
Bii when a; ^ near the direction uniformly with respect to z e nb(zo) and, 
for Zo = 0, '^b''^'"^\x, 0) does not depend on and is holomorphic with respect 
to X (it takes the form (|3.3[) at z = 0). 

It is then clear (after the tame case) that the limit, when a; ^ in the neighbourhood 
of the direction and z G nb(zo), of the characteristic polynomial of the coefficient 
of ~z in -'Bf?-^") is equal to the RHS in (|3.5p(*)l 

(3) We now define the local untwisted C°° frame e(«°'^°) = ^gCeo.^o) . A-^{x,z), 
where A = ©^^m and each An is as in the tame case. Let °!b(5o'^°) be the matrix 
of z^dz in this frame. The non-diagonal blocks -B^|°'^°'* for i ^ j remain infinitely 
flat when x ^ in the direction ^o, as A and A~^ have moderate growth. Moreover, 
the z-constant term °!b(«-°) (x, 0) of °!B(«°'°)(a:, z) stiU satisfies °!b(«-°) (x, 0)ij = if 
i 7^ J, as A is diagonal with respect to the (/^-decomposition. Moreover, as in the tame 
case, ^i?*^^°'°^(x, 0)ii(a;, 0) has a limit when x — > 0. Then the same argument as in 
the tame case shows that the limit of the characteristic polynomial of the coefficient 
of — z in _b(4<"^°) is the same as for '^B^^-^o), hence is equal to the RHS in (|3.5|)f*)l 

(4) We globalize the construction, by using a partition of unity with respect to 
and by using the argument of [161 lemma 5.4.6] (cf. |20[ Lemma 5.2.11]), to get a 
frame e. The base change from any e(^°'^°) to e takes the form Id+i?'^^°'^°^(a;, z), with 
/j(?o,2o) satisfying lim^^-^o L(a;)'^_R^^°'^°^ = uniformly with respect to z G nb(zo), for 
some ^ > 0. We also note that we can achieve i?(^0'°)(a;, 0) = in the base change, as 
the frame '^e^^^"^ already globally defined with respect to ^, and so does the frame 
^[f— 0^' moreover, the argument of [161 lemma 5.4.6] gives a contribution equal to Id 
at Zo = for the base change. Therefore, the conclusion of ^ holds for the matrix 
°°B oi z^dz in the frame e. 

(5) Now, the base change from e to £ given by [20[ Prop. 5.4.1 and (5.3.2)] takes 
the form 

e = £ • (Id +S\x, z))-i (Id +Uo{x))-^ diag(e"'^ Id), 
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where S'{x, z) is continuous and holomorphic with respect to z on X* x nb({z ^ 1}), 
and satisfies S"(a;,0) = 0, and U{){x) is continuous with respect io x ^ X, C/o(0) = 0, 
and Uq is diagonal with respect to the (^-decomposition. As we are only interested 
in the coefficient of —z in the matrix of z^dz in the frame e, and as the matrix 
of the base change is holomorphic with respect to z, it is enough to consider the 
corresponding coefficients in the conjugate matrix 

diag{e~^'^Id)(Id+C/o(x))(Id+S"(a;,z)) ■ ^B{x,z) 

■ (Id+5'(x,^))-i(Id+L/o(x))-idiag(p/^Id). 

Letusset°!B(a;,z) = °!B(o)(a;)-z"B(i)(x) + --- and S' {x, z) = zS"'^\x) + ■ ■ ■ . On the 
one hand, we know that B^^^ {x) is diagonal with respect to the (/^-decomposition and 
has a limit when x — > 0, and the limit when x — > of the characteristic polynomial 
of is the RHS in (|3.5p(*)l 

On the other hand, S' defines a continuous map X — > Mat(;(L^(S)), and, as such, 
S'(0) = (cf. m Prop. 5.4.1]). Therefore, the (Fourier) coefficient S''^^\x) is a 
continuous function of x and has limit when a; ^ 0. We thus have 

(Id +Uo{x)){ld +S\x, z)) ■ ■ (Id +5'(x, z))-\lA +Uo{x))-^ 
= ild+Uo{x))VHld+Uo{x))-' 

- z ■ (ld+{/o(a;))(°B(i) + fs^"), (Id +{/o(x))-i + • ■ • 

As the z-constant term above is diagonal with respect to the (^-decomposition, it 
commutes with diag(e^'^' Id) and therefore is not altered by the conjugation by this 
matrix. It follows that the coefficient of — z in °°B is 

(Id+[/o(x))(°!B(i) + rB("),5'(i)])(Id+C/o(a;))-i. 

As lim2,^o[ i?^"-*, 5'^^^] = 0, the limit, when a; ^ 0, of its characteristic polynomial 
(that is, the LHS in (|3.5p(*]|) . is thus equal to the limit, when a; 0, of the charac- 
teristic polynomial of B'^^^{x), which we know to be the RHS in (l3.5l)(*)l □ 

4. A review on exponential twist and Fourier-Laplace transform 

In this section, we review some results of |19j . The base manifold X will be P""^ 
with its two affine charts having coordinates t and t' . We will denote by the 
corresponding manifold 3^ as in the notation of ^2.hl 

4. a. De Rham cohomology with exponential twist for twistor i^-modules 

Although we do not gain much by simply attaching a polarized variation of twistor 
structure to a polarized variation of Hodge structure, the advantage is clearer when 
we apply an exponential twist and integrate. 
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De Rham cohomology with exponential twist. — Let M be a -module and M = 
M(*oo). The exponentially twisted de Rham cohomology is the hypcrcohomology 
on of the complex 

DR(M ® := {0 — > M ^ ^ '^^ , M — > 0}, 

that we denote i/pfj(P^, M ® £^*). If we assume M to be i^pi-holonomic, then M :— 
r(P^,M) is a holonomic C[t]((9f}-module and the previous hypcrcohomology is the 
cohomology of the complex 

(4.1) — > M ^* ~ > M — > 

and has cohomology in degree one only, this cohomology being a finite dimensional 
C- vector space. Its dimension is computed in |10[ Prop. 1.5, p. 79]. If M has a regular 
singularity at infinity, this dimension is equal to the sum (over the singular points at 
finite distance) of the dimension of vanishing cycles of DRM. 

Exponential twist of a twistor -module. — We will use the notation of ^2.h\ Let ^ 
be a left ^^i-module = P^ x fio)- We denote by ^ the localized module 

^^i(*oo) ■ We set S~*-/^ = ff_^i{*.(X)) with z-connection zd — dt. The 

exponentially twisted i^^i-module is S~^l^ ®eggx{*oo) equipped with its nat- 
ural z-connection. 

It is useful to introduce the category Triples(P^), whose objects (^',^",'^s) 
consist of ^^i(*oo)-modules with a pairing taking values in the sheaf of distributions 
on (P^ \{c>o}) X S which have moderate growth at {oo} x S (i.e., which can be extended 
as distributions on P^ x S) and depend continuously on z e S. 

If we remark that, for z G S, the C°° function e~*/^ • e^*/^ — e^*~*/^ has mod- 
erate growth as well as all its derivatives with respect to t^t when t oo, we 
can associate to an object 3" = (^',^",%) of ^-Triples(P^) the object = 
{^^\ e^*-*/"<%) of ^- Triples(pi). 

Let now be a polarized twistor f^-module on P^. Then the previous construc- 
tion can be refined to give an object = of ^- Triples(pi). The 
regularization of e^*~*/^'^s is obtained by speciaHzing ■^'^s, whose construction 
is recalled in at r = 1 . Let a be the constant map on P^ . The following is proved 
in [15J (and its erratum): 

Theorem 4.2 (Exponentially twisted Hodge theorem). — If {2^ , -S^) is a polarized reg- 
ular twistor !3-module of weight w on P^, then J^f^a^^^ is a polarized twistor struc- 
ture of weight w. □ 

4.b. Fourier-Laplace transform (cf. |161 Appendix]). — We continue to work 
with the projective line P^ equipped with its two charts having coordinates t and i', 
and we consider another copy of it, denoted by P^, having coordinates r, r'. We will 
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set oo = {t' = 0} and 55 = {r' = 0}. We consider the diagram 




Let ^ be a good ^^i-module (in the sense of [16, §1.1. c]). We set := 
p+^{*oo) ® £-*^/^ (cf. [H §A.2]). We know (cf. jifil Prop. A.2.7]) that is a 
good ^^(*oo)-module, where Z = V^ xF^ and 2f = Z x JIq. Taking direct images, 
is a coherent .^^i (*oo)-module. 

Let ,^ = (^',^","^8) be an object of ^- Triples(pi), such that Ji' ,J^" are 
^<5^.i-good. Then ^.J is defined as where are as above 

and -^^s is defined in V&i, p. 196] (note that the twist for needs some care). The 
fibre at r = 1 (suitably defined as nearby cycles) of '^^^ is identified with . The 
Fourier-Laplace transform .S^ is defined as the direct image of by p. 

Let us assume that 3^ is integrable. Then (cf. |16l Rems. A. 2. 9 & A.2.15]), is 
also integrable. 

Lemma 4.4. — The action of z^dz on ^ = p+^(*oo) ® S'~^'^/^ satisfies, for any 
local section of ^ , 

{z^dz + T5^)(m ® <f-*^/^) = [z^dzm) ® 

Proof. — This directly follows from the definition of the actions (cf. 16, A. 2. 2 & 
A.2.3]). □ 

Let us also notice that one gets a similar relation with the coordinate t' by using 
the relation = — rS,-. 

4.C. Fourier-Laplace transformation of twistor i^-modules. — Let {^/'^.S^) 

be a polarized regular twistor ^-module of weight w (in the sense of |16j or |llj ) 
on P^. The Fourier-Laplace transform (^,^) is an object of the same kind on the 
analytic afhne line with coordinate t, after [15] and [18]. Moreover, it is smooth 
on the punctured line \ {r = 0}, and its restriction at r = 1 is naturally identified 
with ^Ofl+'fy. 

In 18, Cor. 5.20 & Prop. 5.23], we also show an "inverse stationary phase formula" 
computing the nearby and vanishing cycles of J'' at t = in terms of the nearby 
cycles at = of =3^. 

Let us moreover assume that (i^, 5^) is integrable. Recall that a denotes the 
constant map pt. The basic comparison result |il81 Cor. 5.20 and Prop. 5.23], 

together with Lemma l44l gives (cf. i 32.fl for the notation): 
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Proposition 4.5. — We have natural isomorphisms of integrable polarized pure twistor 
structures of weight w + i f?GZ, /3g(— 1,0) for the first line): 



and we also have 

63i)(**) (Pgr^vi/0^z2^,) ~ (^v=;^,^'9,). 



In Appendix \X\ (Theorem ETTjl . we show that the Fourier-Laplace transform ^ on 
naturally extends as a wild twistor ^-module (in the sense of |20|, of. also [12| ) 

near oo G and we relate the corresponding nearby cycles with the vanishing cycles 

of ^ at its critical points ( "stationary phase formula" ) : 

Corollary 4.6 (of Theorem lA.il (jA.lip and (|A.12p ). — For any c & C, we have natural 
isomorphisms of integrable polarized pure twistor structures of weight w + £ (£ G Z, 
P G (—1,0) for the first line): 

(grf vl,^/-'-^^ ,^d, _ (;? + 1),) ^ (gif ,2Q^)^ 

(grf ^^J/ ^ V, z'd. ~z)^ (grf 0r+c^, ^'5, - z). 



5. Twistor structures and Hodge structures 

In this section, we make explicit the functor Tw which associates to any polarized 
complex Hodge structure (resp. variation of Hodge structure, resp. polarized complex 
mixed Hodge structure) an integrable polarized twistor structure (resp. ...). In this 
section, Y will denote a complex manifold, X will denote a disc with coordinate x 
and X* will denote the punctured disc X \ {0}. 

5. a. The integrable variation attached to a polarizable variation of Hodge 
structures. — Let (V, ^V) be a holomorphic vector bundle with an integrable holo- 
morphic connection on a complex manifold Y . Let us assume that (V, ^V) underlies 
a polarized variation of Hodge structures of weight w. The C°°-bundle H associated 
to V comes equipped with a flat C°° connection D = + d" and a decomposition 
H = ®pH^''^~P indexed by integers. There is a D-flat sesquilinear pairing k on H such 
that the decomposition is fc-orthogonal, and the sesquilinear pairing h such that the 
decomposition is /i-orthogonal and h — i~'^{—l)Pk on HP '^~p is Hermitian positive 
definite. As usual, we set FW = 0^^^ ^r.w-r ^ 
For any j G ^Z, the Tate twist is defined as 

(F, ^V, F-V, k, w)U) (V, ^V, F'V, I'^^k, w - 2j). 
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We denote by — Rp\^^\y , M"' — RpV, the Rees modules associated to 
F[w]'V := F'"+'V and F'V, that is: 



We denote by Rpk the map naturally induced by k on RfIw]^ '^c[z,z-'-] RpV with val- 
ues in '^■^[z, z~^\. We associate to this variation the triple 5^ = [Rpy^^^ RpV, Rpk). 
We set y ^{S', S") with S", S" : M"' Jf', S" is the muhiplication by z"" and S' 
by (-z)-. 

The integrable connection V is defined as ^V + d'^. We note that RprV and Rp"V 
are stable by zVg^ (reflecting the fact that ^/ = 0). In particular, the action of z^dz 
enables one to recover the grading of RpV, hence the filtration F'V. The following 
is easy: 

Lemma 5.2. — The object 

i:w{V,F'V,k,w) := {.^ = iRp[^^V,RpV,Rpk),S^,z^dz) 
is an integrable polarized variation of twistor structures of weight w. □ 

Remark 5.3. — According to the convention made in Remark I2.14[ the functor Tw 
is compatible with Tate twist (that is, [Tw(V, F'V, k, w)]{j) is canonically isomorphic 
to Tw[{V,F'V,k,w)ij)]. 

Lemma 5.4. — Let {^,.y) be the integrable polarized twistor structure of weight w 
attached to a polarized Hodge structure of weight w (in particular, the "no ramifica- 
tion" condition is fulfilled). Then 

SP^(T) = Susy^(T) - SF%{T). 

Proof. — According to (|2.19p one can assume w = Q. On the one hand, = 0, so 
^ is conjugate to the opposite of the residue at z = of 9z acting on RpV. As zdz 
acts as -pld on FPz-p, we find that Susy«^(r) = Upi^ - py'"" ^'"'^ ■ 

We now have G = C[z,z-i] ®c H and VPG z~pC[z~^] ®c H (for the V- 
filtration at z = oo). Then (|5.ip shows that (using the notation in Definition \1.2\i 
Vp = A\mHP^^P = dimgr^, hence the first equality. On the other hand, the In- 
filtration at z = is given by VPG — zPC[z] Oc H and G has a regular singularity 
at z = 0, so there is no nontrivial exponential term in the decomposition (|1.6|) . We 
then have (using the notation in Definition II. 7p /j.o,p = dim H^P'P, hence the second 
equality. □ 

5.b. Integrable twistor structure attached to a polarized complex mixed 
Hodge structure 

Let be a complex vector space equipped with a filtration F'Vo, a nilpotent 
endomorphism Nq and a sesquilinear pairing kg. We denote by M. the monodromy 
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filtration of Vo associated to N^. Let w e Z. We say (of. [HI [9]) that (Vo, F'Vo, No) 
is a polarized complex mixed Hodge structure of weight w if the following conditions 
are fulfilled: 

(1) ko is (— 1)"'-Hermitian and No is skew-adjoint with respect to fco, 

(2) NoF'Vo C_F'~^Vo, _ _ 

(3) if we set F^K, = (F^-p+iVo)^ (which also satisfies NFPVo C FP-^Vo), then 
{F'Vo, F'Vo, M.) is a mixed Hodge structure of weight w, 

(4) the object (P grf Vo, F'P grf fco(', N^)) is a polarized complex Hodge 
structure of weight w + i. 

Remark 5.5 (cf. (22! Lemma 2.8]). — If (Vo, F'Vo, ko, No) is a polarized complex mixed 
Hodge structure of weight w, then there exists an increasing filtration F,Vo which is 
opposite to F'Vo (i.e., Vo decomposes as 0^ F^ n Fp) and which satisfies NqF.Vo C 
F._iVo (in particular, F.Vo is stable by No). Indeed, Vo is bigraded by DeHgne's I^ '^ 
(cf. [3]) with 

= {FP n Wp+,) n (f« n Wp+, + f'^-' n , 

where := M^+,, and F^K = 0^,^^ 0, Z^'^-^. We can set F^Vo = 0^,^^ 0, I^'''?. 

Definition 5.6. — For a polarized complex mixed Hodge structure {Vo, F' ,ko,No) of 
weight w, we set Tw(yo, F*, /co, No) := {^, ^ , J/, z'^d^.) with 

(1) .J = {Rp[^]Vo,RFVo,RFko) (an object of ^- Triples(pt)), 

(2) ^ = ((— x)"", z"") (a sesquilinear duality of ,3^ of weight w), 

(3) ^ : J" ^ ^(-1) defined as ^ = (zNo, -zNo), 

(4) z'^dz is the natural derivation on Rp[^]Vo, RfVo- 

Lemma 5.7. — // (Vo, F*, fco. No) is a polarized complex mixed Hodge structure of 
weight w, the monodromy filtration of zNo on RpVo is such that gr^''^'^"'' RpVo — 
i?Fgrf^^°Vo. Moreover, the object (gr^^ gr^ J?^) is a graded Lefschetz twistor 
structure of weight w (cf. 16, §2.1.e]/ Last, we have a canonical isomorphism of 
objects of weight w + £ (£ ^ 0): 

P gif Tw{Vo, F',ko,No)^ Tw[P grf (Vo, F", A^o, No)]. 

Proof — Let us indicate the proof for the last part. We can reduce to weight by 
twisting by w/2, and also to .5^ = (Id, Id). The left-hand side in the formula is by 
definition (cf. | 16[ Example 2.1.14]) given by 

= {{zNoYRFPgrfVo,RFPgrfVo,RFko), = ((zNo)^ (-zNo)O, 

and the action of z'^dz is the natural one. According to Lemma [5.21 the right-hand 
side is given by 

^= iRF[i]PgrfVo,RFPgrfVo,RFkoi',K-)). ((-^)',^'), 
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and the action of z^dz is the natural one. If one notices that i?i?[£]P gr^ Vo — 
7jRFVgT:fVo, then one checks that ip := ((-No)^Id) : ^ is an 

isomorphism. □ 

Let us note that, by definition, for (Jj', J^, , z^dz) as in Definition [521 the object 
{gi^ £^,gr^ J^,gy^2^^^^9z) is a polarized graded Lefschetz twistor structure of 
weight w and type —1 (cf. [161 §2.1.e]). For such an object, there is a reduction to 
weight and type (cf. loc. cit.) giving rise to a polarized (graded Lefschetz) twistor 
structure of weight (and type 0). This structure remains integrable and therefore 
comes equipped with a Susy polynomial. We denote it by Susy-p^jy^ j?*^;.^ n^-j (T). 

Lemma 5.8. — Let {Vo, F' , ko,^o) be a polarized complex mixed Hodge structure of 
weight w. Then 

Proof. — Each gr^ ^ comes equipped with a polarization defined from that on 
the various P gr^ i7 by using the Lefschetz decomposition, making it a polarized 
twistor structure of weight w + £ (cf. [161 Rem. 2.1.15]), and one has 

SuSyTw(y„,F*,fe„,N„)('^) = Yl ^^^^grf Tw(y<,,_F^fc„,N„)(^)• 
^GZ 

On the other hand, because each gr^^ RfVo is a free C[2;]-module (being equal to 
i?Fgr^ Vo) we have such a product formula for SP° and SP°°, according to Remark 
11.91 Then Lemma [5^ applies. □ 

£)c^«ift"o« 5.9 (Vanishing cycles, cf. ID Prop. 2.1.3]). — Consider a polarized complex 
mixed Hodge structure {Vo, F' , ko,^o) of weight w. The vanishing cycle polarized 
complex mixed Hodge structure {Vo, F' ,ko,No) of weight w + 1 attached to it is 
defined as follow: 

Vo=NoVo, F'^NoF', ko{NoX,K:^) ^ ko{x,K:^), iio=N^\y^. 

5.C. Extension of Tw through a singularity. — Let {V, ^V) be a holomorphic 
bundle with connection on the punctured disc X* underlying a polarized variation of 
Hodge structure of weight w. We are in the situation considered in According 
to Lemma |5.2[ (i^ = {Rp[^]V, RpV, Rpk), is a polarized variation of twistor 
structures of weight w on X*. We will indicate how to extend it as a polarized 
twistor ^-module on X . 

According to Schmid |24j . the ^jif [x~^]-submodule M of j*V^ consisting of sections 
whose /i-norm has moderate growth at the origin is locally free and the connection V 
extends to it with regular singularities. We denote by M the i^x-submodule of M 
generated by local sections v whose h-norm is bounded by C|x|"^^^ for some C > 
and e > 0. It is known that M is a regular holonomic ^^jc-module, which coincides with 
the minimal extension of M, so DRM is the intermediate extension (or intersection 
complex) of the local system Ker on X*. Moreover, the filtration F'V extends to 
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a filtration of M by liolomorphic locally free i^x-modules, and then to a filtration of 
M, which is a good filtration when we consider it as an increasing filtration. Lastly, 
the flat sesquilinear form k defined from the metric h extends as a &x -linear 
pairing k : M (g)cM ^ 2)bjf. 

We can apply the Rees construction Rp to these data. 

Proposition 5.10 (cf. lUS §3.g]). — The object 

{.^ = (i?FH^' -RfM, Rpk), ,9') 

is an integrable polarized twistor -module of weight w on X . □ 

Definition 5.11. — We will call such an object a polarized complex Hodge & -module 
of weight w. 

5.d. Nearby and vanishing cycles. — We will set FW'^'M := F^JA n V^JA. In 
particular, for any fc ^ 0, x^FPY'^M. C F^VP+^M. 

Assume that (M, F"M.) underlies a polarized complex Hodge ^-module (cf. Definition 
[5TT1) . then (cf. [HI §3.2] and [H §3.d]) 

V/3>-l, VpeZ, FPy'^M = n F'^M 

(5.12) FPM^^diFP+^V^'^M.. 

In particular, as a consequence of the first line of (|5.12p . we have 

(5.13) V/3 > -1, Vp, Vfc ^ 0, x''FPV^M = FPV^+'"M. 

Moreover, xdx '■ gfy M gVyJA strictly shifts the filtration F* by — 1. It is an 
isomorphism if /3 7^ 0. 

As a consequence of the results recalled in i^2.fl we find: 

Corollary 5.14. — If{.fF,,y) is a polarized complex Hodge ^-module of weight w then, 
for any (3 e (-1,0], 

(1) ^-^^ = iRF[^]4>^M,RF^^M,RF^pf^k), 

(2) This equality is compatible with the natural actions of z'^dz on both terms, and 
therefore zdz acts on 

(3) {'^^^ ,'^^,5^ ,jy ,z'^dz) is a polarized complex mixed Hodge structure of 
weight w. □ 

Let us notice that I5.14l( 3|) can be regarded as a reformulation of Theorem (6.16) 
in '24j, and is similar to Corollary 1 of [21' on a punctured disc. Notice also that, 
compared to [21j, the choice of the behaviour of weights by taking nearby/ vanishing 
cycles is not the same here and in [16) . as we are working with complex Hodge 
structures, and we can use Tate twists by half-integers (see also the vanishing cycles 
below, which also has to be compared with Corollary 1 of [21] ) . 

For vanishing cycles (cf. |161 §3.6.b]) we find: 
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Corollary 5.15. — For as above, {(j).-^^ .1^ , (j)^^ , -VV , z^dz — z) is a polarized 

complex mixed Hodge structure of weight w. 

Sketch of proof. — According to |16[ Cor. 4.1.17] (and to an easy consequence of 
§4.2 of loc. cit. for the polarization), the object ((/)-i3^(-l/2), (/)-ij^(-l/2), ^) is 
isomorphic to the image of ^ : 3^ — *■ 1) and gives rise, after grading with respect 
to the monodroniy filtration, to a graded Lefschetz twistor structure of weight w + 1. 
In order that the morphism 'roan of [161 Lemma 3.6.21] is compatible with the action 
of zdz (giving the grading), we should equip (j)^^ £^{—l/2) with the shifted naturally 
induced action zd^ - 1. Then (0~i^(-l/2), (/)-i^(-l/2), ^) is isomorphic to Tw 
of the vanishing cycles (as defined in 15. 9p of the polarized complex mixed Hodge 
structure Tw"^(*^^, ^I^^^, ^). Applying a Tate twist (1/2) we find, according 
to our convention on Tate twist (Remark l2.14p . that {ip^^ £^,(j>^^S^, ^ , z'^dz — z) is 
(isomorphic to Tw of) a polarized complex mixed Hodge structure of weight ?«. □ 

5.e. Exponential twist of an integrable twistor ^-module. — Starting from 
a variation of polarized Hodge structures {V,F'V) on U C A^, Proposition 15.101 
produces a complex Hodge f^-module £^ — ({Rp[jj,]M, RpM, Rpk), y) . Locahzing 
away from oo and taking global sections produces a filtered C[t](9t)-module (A/, F'M) 
with a pairing taking values in tempered distributions on depending continuously 
on z e S. 

As integrability is preserved by direct images (cf. |16i Prop. 7.1.4]), we can apply 
Theorem 14.21 together with Proposition lS.lOl 

Corollary 5.16. — // {S^ ,S^) is a polarized complex Hodge ^-module of weight w on 
, then M'^aj^^S^ is an integrable polarized twistor structure of weight w. □ 

Although we did not give the precise definition of the direct image functor a+ 
(cf. [161 §1.6.d] for more details), one can notice that, according to the strictness 
property of polarized twistor f^-modules, the restriction to z = 1 commutes with 
taking a+. In other words, the vector space corresponding to the polarized pure 
twistor structure J^°a+^^ is the cokernel of 9t — 1 : M M . 

Another expression of the exponentially twisted de Rham cohomology. — One can 
give a more explicit expression for J^'^a^^.^^ considered in CoroUarv 15.161 We will 
recall it below. For simplicity, we will assume that w = 0. 

We can extend the correspondence of tjl.cl to objects with a sesquilinear pairing 
as follows. Let {M,F'M) be as in Hl.cl and let us moreover assume that M comes 
equipped with a C[t]{dt) (8)c C|?|(^- linear pairing fc : M(8)c A? ^ ^'(A^) with values 
in the Schwartz space of temperate distributions on A^. To (M, F'M, k) we associate 
a Hermitian twistor structure {J^' , J^' ,'tfs)- 

. we set J^' — Gg^^'**" (the analytization of the object defined by (|l.lip ): 
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. composing k with the Fourier transform of temperate distributions with kernel 
e*'^~*'^^dt A di induces, by restriction to S := {|r| = 1} = {|z| = 1}, a sesquihnear 
pairing '^s ■ J^^'s (^e^s ^ ^|s- 

Moreover, this twistor structure is integrable (by using the action of t = z'^d^ 
onGD. 

Lemma 5.17 (cf. Ill9l Lemma 2.1 and ^2.c1). — The twistor structure is 
the exponentially twisted de Rham cohomology of the object {RpM, RpM, Rpk) of 
J- Triples (Pi). □ 

In the case where (M, F'M, k) comes from a polarized variation of Hodge structures 
of weight on f7 as explained at the beginning of this paragraph, we get from Corollary 

EH 

Corollary 5.18 (cf. [|19| Cor. 3.151). — Under the previous assumption, the integrable 
twistor structure {Jif' , Jif associated to {M,F'M,k) is pure of weight and 
polarized. □ 

Remark 5.19. — The previous description makes it clear how to compute the conju- 
gacy class of the endomorphism of §2.al indeed, this is the conjugacy class of the 
restriction of z'^dz to M" j zM" . It is therefore equal to the conjugacy class of t act- 
ing on Gq / zGq . Its eigenvalues are the singular points of M (at finite distance). 
Therefore, in general, it is not a multiple of Id, and the integrable twistor structure 
( J^', Jff", "^s) does not correspond in the usual way to a polarized Hodge structure. 



5.f. Fourier-Laplace transformation of variations of polarized Hodge struc- 
tures. — We will make explicit the behaviour of the functor Tw under Laplace 
transform. We will work with the associated C[t](9t)- modules. 

Let {M,F'M) be a regular holonomic C[t](c)t)-module with good filtration. Let 
us consider the Rees module RpM, which is a C[t, 2:] (3t)-module, and its Laplace 
transform RpM, which is a C[t, 2;](3r)-inodule. Recall that RpM = RpM as a C[z]- 
modulc and that r acts as and 9,- as — t. Notice that RpM can be obtained as the 
cokernel of 

C[r] (^c RpM * i C[r] (g)c RpM 

by the map J^k^o '''^ ® "^^ ^ Sfe^o "^fej ^-^id the natural action of C[r, z\{^t), as 
well as the action of z'^dz, are obtained by conjugating the usual actions by S~^'^ . 
In particular, the action of zdz on RpM coming from the identification with RpM 
and which gives the grading of this Rees module corresponds to the action denoted 
zdz (8) 1 in Lemma lL4l and the natural action of z^dz is that given by this lemma. 

Let G^P be the Brieskorn lattice of the filtration F'M (cf. pTTT]) ). that we wiU 
denote by Go for short. 
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We will be mainly concerned with RpM^^^ := C[r, t ^c[t,z] RpM. Recall 
(cf. |19( Lemma 2.1]) that RpMi^^ ~ C[t, t^^] (g)c Go, where, on the right-hand side, 
the C[r, , z](5r)-action is given as follows: 

. the C[r, r^^]-structure is the natural one, 

. the action of z is by r (8) ^t^^ 

. the action of Sr is by z • {dr ®1) — l®t. 

Recall that G :— M[d^^] is a C[9t, 9t"^]-module with connection. In the following 
we will use the notation 9 — dt, 8' — d^^ (with the identification above, 9' = zt' with 
r' — T^^). We will denote by VgG the T^-filtration of G at 9t = and we will set 
V'JG :~ gry^ G. Similarly, we denote by Vg,G the V-filtration at d^^ = and we set 

ipl'^G := gr^^, G. For any c e C, we also set V^^^'-^G gr^^, (G ® As G 

has a regular singularity at 6* = 0, each VgG is C[0]-free of finite type, while, as the 
singularity 9' — Q is usually irregular, each Vg,G has finite type over C[9']{9' dgi) . 
If the Gf are the regular formal modules entering in the decomposition analogous to 
(|1.6p for G^, and if iq is the index i such that a = 0, then gr^^^ G = gr^^^ G^. 

Lemma 5.20. — The C[t, t^^ , z]{dr) -module RpMi^^ is strictly specializable at t = 
and T = oo. The V -filtration is given by 

{*)oo K'^^S^ioc = t'= ® (Go n Vg^-^G) ~ RcinVg-'G, 

(h<)o K^iQv^ioc = «> (Go n YgT^G) ~ 

fcez 

Proof. — Let us denote by U^RpMi^^ the right-hand side in (*)oo- Let us set Gk = 
9'^^G{) C G. This is an increasing filtration of G by C[0']-submodules. Let us fix 
7 e M. Then, for fc < 0, we have Gk n V^G = {0} and, for fc > 0, Gk n V^G = 
Gk-i n VgG -I- Gfc n V^g^'^^G (the last equality expresses that i^q,(Go) — for a ^ 0, 
cf. |17j). If we consider G. fl VgG as a filtration of the C[6']-module VgG compatible 
with the filtration deg, C[6'] by the degree in 9, these two properties are equivalent 
to saying that G. fl VgG is a good filtration, or equivalently that the Rees module 
RG(F)VgG 0fcgz(Gfe n VgG)z'^ is a i?dcgC[0]-module of finite type. According to 
the definition of the action of z above, we identify RdcgC[9] with C[r, z] and Rq{f) VgG 
with U^RfM\oci hence the finiteness of U^RpMiac over C[r, z]. 

Moreover, we get in the same way an identification of gr^ RpAI^^^ with the Rees 
module Rq[f) gVy^ G. In particular it is C[z]-free of finite rank, hence the strictness 
property. 

As tVg^G c d^%^G = V^^^G, we have 

TBr{l ® [Go n V^G]) = -r ® t[Go n V^G] c r ® [Go n V^'^G], 

showing that RpMi^^ is stable by rdr- Similarly, one shows that, for 3> 0, 
{rdr -Jz)^U^R^ioc C U>'<rJMx^^. This gives (*)oo (cf. [HI Lemma 3.3.4]). 
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For (*)o, the argument is similar. It is easy to check that RQ{F)Vg,G is a 
C[t', z] (T'3T-')-module, and that — 72 is nilpotcnt on Rq{f) gi'v^, G, which has 

no C[z]-torsion by definition. The only new point is to check that RQ{F)Vg,G has 
finite type over C[t' , z]{T'dr') ■ 

Let ko be such that Gkg C VgiG and, for any k ^ ko, let be a finite system of 
C[6'']-generators of Gk n VgiG. Recalling that 9' acts as zt' on RQ{F)Vg,G, we find 
that, for any ki ^ ko, ^k<ki ^^{Gk H Vg,G) is contained in the C[t', z]-submodule of 
RQ{F)Vg,G generated by the z^Bj, j — ko, . . . , ki. 

On the other hand, the formula for the action of 9r given above implies that r'Br' 
acts on i?G(F)V;lG by z ■ [e'de- + k) on z^{Gk n V^,G). We wiU show that, for fci 
large enough and any k ^ fci, z^{Gk r\Vg,G) is contained in the C[r', z] (T'9^')-module 
generated by z'^^efe^. 

We claim that 

(a) There exists fci such that, for any /c ^ fci, 

Gi n l/gT+'^G = e'de'[Go n F^T+'^G) + Go n ly+'^G. 

Note that this is equivalent to Gfc+i n V^TG = e'de'{Gk n FglG) + Gfe n V^TG. If 
k = fci, such an equality implies z'=i+i(Gfci+inVg7G) C (C[r', z] +C[t', z]T'S.^/)z'=iefci . 
Iterating the argument gives the desired inclusion. 

We will prove Claim |aj) by working at the formal level. As it is clearly true away 
from = 0, it is enough to prove }aj)^, that is, ((aj) after tensoring with C|0']. 

Firstly, by uniqueness of the Vg* -filtration, we have {Vg,G)^ = VgT(G^). Moreover, 
(VgTG n Go)^ = VgTG)^ n G^ in G^ [indeed, use that this is clearly true for + 
instead of n and that £{6'} is flat over £[0'], and apply this to {V^,G + Go)^/G^ = 
{V^,G)''/{V^,G n Go)'']. Therefore, it is enough to prove (jaj)^. 

Notice now that Claim ((a| is equivalent to 

(b) There exists fci such that, for any fc > fci, 

e'^de' : V^+\Goie'Go) y;+'+^(Go/0'Go) 

is onto. 

Similarly, ((a|^ is equivalent to ([b|^. Recall that G^ decomposes as G^^g0G^.j. and 
that Vg,G^ and Go decompose correspondingly. It is thus enough to prove on 
each term. On the regular part, there exists fci such that Vg,^^^ {G'^^^^^/ 9' G'^^^ q) = 
(because Vgi^^G'^^^ has finite type over C|0']), hence both terms are in ([b|^. On 
the purely irregular part, Vg,G^^^ = G^^^ for any 7, and 9''^d'g does not have the 
eigenvalue on G-^^ g/0'Gj^^ q (^f- Remark [5. 19|) . hence it is onto. □ 

For the remaining of this section, wc assume that {M, F' M) is also equipped with 
a sesquilinear pairing fc such that (Af, F' M, fc) comes from a polarized complex Hodge 
f^-module on P^. 

Corollary 5.21. - Up^^.^^o] Ue^z SP^m ^,j^,iT) = SP^,., (T). 
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Proof. — For /3 e (-1, 0], let G^'^^-'^j^G be the filtration naturally induced by G'^^^V 
As a consequence of the identification V^RpMi^^ with RQ{F)VgG, we get, for any 
/3e (-1,0], 

(5.22) ^^R^ ^ Rain^^G. 

Note however that the natural action of z'^dz on the left-hand side differs by rS^- 
from the action on the right-hand side defined from the z-grading (cf. Lemma [4.4|) . 
Nevertheless, by our assumption on {M, F' M), the graded pieces of '^^RpM with 
respect to the monodromy filtration are strict (i.e., C[z]-free), and at the level of 
gr^, z'^dz on the left-hand side differs by (3z from the action on the right-hand side. 
Because of freeness and uniqueness of the monodromy filtration, we have 

grf 4-^ = Rci.) grf 4^Ig. 

On the other hand, as the action of dz has a simple pole on RQ(F)ipgG, we can apply 
Remark [O] to get 

nsp,°:M,.^(T+/3) = nsp^,,.,g.M,.,(T) = sp- ,,(r). 

Recall that, if we set 

vfGnG'-^^'P 
vn ri = dim — —3 a • 

^'^ i/>'^GnG(^).f -i-y/GnG(^^)^p+i 

we have, as in the proof of Lemma [5?8l and by Definition 11.21 and (|1.3p . 



pel 



and SP^,.,(r)= J] J](T-/3-p) 

/36(-l,0] pel 

This gives the desired equality. □ 

We now consider the specialization at d^^ = 0. Let Gf be the formal microlocalized 
module attached to M at — Let pi be such that i^^'M generates M as a i^- module 
near — q, let G,^^ be the saturation by 9' :— djT^ of the image of F^'M in Gf (by 
tensoring with formal microlocal differential operators of order zero) , and let us set 
G^_^^ = 9'~p^g[^q^\ which is independent of the generating index pi (cf. fjLc]). Then 
it is known (cf. e.g. [14[ Prop. V. 3. 6]) that the Levclt-Turrittin decomposition (|1.6p 
for gP has components J^^' = G,|^^ We have G^^^'>J,G,f = G^-^^'^gj^^'^^G. 

Corollary 5.23. — For any i, 

n nsp:.M,,/.',.g;p,(r)^sp°^<.,(T). 

/3e(-l,0]^GZ 
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Proof. — We will show the result for Ci — 0. The same argument applies for any Ci 
after twisting by £^'^'/^ or g^'^^l^'^ . We denote by «o the index i such that Ci^ — 0. 
From (*)o we get, for any /3 G (—1,0], 

and this equality is compatible with the action of z^dz — r'dr' on the left-hand side 
and that of z'^dz on the right-hand side (cf. Lemma 14. 4p . By our assumption on 
1 .1 / . I 'M : . we know from Appendix lAI that the graded pieces of " RpM wfth 

respect to the monodromy filtration are strict (i.e., C[z]-free). The same property 
holds for the right-hand side above, and going to the graded pieces, we find that the 
equality holds with z^dz action on the left-hand side shifted by —fiz. Arguing as for 
Corollarv l5.21l we find 

n M ^o,.^,(r -p) = spl . (T). 



Setting now 



n M^)-P 



we have 



^^G^nC^^ + i^G^nG^r-^- 
'^io pel 

and SP^(.)(r)= J] XliT + p^pY'-^^^", 

/3e(-i,o]pez 

hence the result. □ 



6. Deligne's filtration 

In this section, we will be concerned with the first point considered in the introduc- 
tion. Let us consider the setting of ijl.cl that is, a holonomic C[t] (9t)-module equipped 
with a good filtration F'M. Recall that M denotes the associated (*oo)-module 
with connection and M denotes its minimal extension across oo. We will now assume 
that M has only regular singularities at finite distance and at infinity. 

We will keep the notation of §l.c( but we will simply denote by Go the C[9(~"'^]- 
module G^f^ defined by p. lip . The spectral polynomial SPq^(T) is determined as 
soon as we determine the number z/..y(Go) for any 7 e M. 

In i )6.cl we will define Deligne's filtration F^^^ (indexed by R) on M ® £^*, then 
on the corresponding de Rham complex, and then on its hypercohomology. The main 
result of this section will be: 

Theorem 6.1. — Assume that {M,F'M) underlies a polarized complex Hodge Si- 
module (cf. Definition \5.11\) . Then, 
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(1) the spectral sequence associated to the hypercohomology of the filtered de Rham 
complex i^Dci DR(M (gi £^*) onP^ degenerates at Ei; 

(2) for any 7 e M, v^,{Go) = dimHi (P^, grj+^^ DR(M ® £-*)) . 

Let us remark that the i^pi -coherent sheaf grj^^ j(M(E)£~*) is supported at infinity 
if 7 ^ Z. 

6. a. Laplace transform. — We denote by the projective Hne with coordinates 
0, 9' (that we do not denote by r, r' as above at the moment) and by its chart with 
coordinate 6. Recall that G — C[6'',6''~^] ®c[e'] Gq {9' = d^^ as above) is equipped 
with a connection having a regular singularity ai 9 = 0, defined as the multiplication 
by —t. We denote by VgG the corresponding V^- filtration, that we assume to be 
indexed by R (this assumption is implied by the assumption in Theorem 16.11 that 
(MjF'M) underlies a polarized complex Hodge i^- module). 

The exponentially twisted de Rham complex (|4.1|) is quasi-isomorphic to 

— >G ^* ~ > G — >0, 

which is quasi-isomorphic to 

— >G — ' > G — > 0, 

which in turn is quasi-isomorphic to 

— >Go ~ > Go — > 0. 

In other words, the hypercohomology -ffQj{(P^,M (E) £^*) is identified with the fibre 
at 61' = 1 of the free C[6l']-module Go- 

The y-filtration VgG enables one to define, in a natural way, a filtration 
V'H^^{V\M ® £-*) by setting, for any 7 e R, 

y^i7^R(P\ M ® £-*) = V''{Go/{9' - l)Go) 

image [Go n Vg^G ^ Go/{9' - l)Go] . 

According to (|1.3p , we have 

(6.2) i/^(Go) = dimgr^;iJiR(P\M0£-*). 

Example 6.3. — Let us consider the case where M = C[t]{dt) / {tdt — a) for some 
a € (0, 1). We regard M as corresponding to a variation of Hodge structure V of type 
(0,0) on Ai \ {0} with filtration F'V given by F^V = V and F^V = 0. Let V;M 
denote the F-filtration of M at t = 0. Then we set (cf. (|5J^ ) F°M = Vt>"^M, 
F'^M = and, for £ > 0, F-'^M := Vt^^Hl + ■■■ + dfVt>-^M = Vt^^'^-^M. 

Denoting by [•] the class in M, we have [1] € V^^M, and F°M = C[t] ■ [dt]. We 
also have M = G = 'C[9]{ds) / {de9 + a) which is free of rank one over <C[9,9~^], and 
G^^' = C[6l-i] • [9]. As [9] is in V^^^G, we finally get 

otherwise. 
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Let us consider the F-filtration V' RpM^^^ (of. Lemma [2201) • Notice that, for any 
7 e M, the muhiphcation by r — z is injective on RpMi^^. Indeed, let us use as 
in Lemma [5.201 the identification V^RpMi^^ — Rq(f)VqG. Then, the focahzation 
with respect to z gives C[z, z~^] ®c VeG, where the action of r is induced by z iS) 9. 
In particular, it is C[r, z, z~^]-free and the multiplication by r — z is injective on 
this module. Therefore, so is the multiplication by r — z on the C[r, z]-submodule 
RcinV^G. We will compute its cokernel V'R^ioc/{t - z)V'R^ioc- 

Recall (cf. [S] Def. B.l]) that a ^-solution to the BirkhofF problem for Go is a free 
C[6']-submodule G"° of G, which is stable by 9dg, which generates G over C[9,9~^], 
and such that, for any 7 G M, 

(6.4) Go n Vg^'G = © 9'^ (Go n G'° n Vg^+'G). 

(Each term in the sum, as well as Go fl G'" and Go fl VgG, is a finite dimensional C- 
vector space, and the sum is finite, as GoDVg^-'G = for j 3> 0; moreover, G'° C VgG 
for 7 <C 0.) By definition of a solution to Birkhoff's problem, a C-basis Gq D G'" is 
a C[0']-basis of Go; therefore, the natural morphism Go n G'" Ga/{9' — l)Go is an 
isomorphism. 

Lemma 6.5. — // the Birkhojf problem for Go has a V -solution G'^ , then, for any 
7 e M, RpM\Q^/ {t—z)V'^RfM\q^ is identified with the Rees module of the filtration 

y^+*ifji,R(pi,M0£-*). 

Proof. — We note that (*)oo in Lemma [5.201 gives {as z — t ® 9'): 
V^R^Mi^Jir - z)V^JGm,,, 

- ©r'= ® [(Go n V"'G)/(0' - l)(Go n V^-'^+^G) 

k L 

As G'° is a 1^-solution, the natural inclusion 

{9' - l)(Go n V^+^G) c [{9' - l)Go] n (Go n y/G) 

is an equality for any 7 e M: indeed, since Go = U£gz(^o H Vg"^G), an ele- 
ment in the RHS can be written both as a polynomial {9' — ^)J2j>o'^3^''' "^ith 
% e Go n G'° n Vg~^~^-'G for some fixed £ € Z, and as a polynomial J2i>o^3^''' 



with bj e Go n G"^ n Vg G, according to (|6.4p : the assertion follows by considering 
the term of highest degree with respect to 9' and by a straightforward induction. As 
a consequence, 

(Go n Vg-'G)/{9' - l)(Go n Vg-'+'G) 
is equal to the image of Go fl VgG in Go/{9' — l)Go for any 7. The result follows. □ 

The previous proof also shows that the morphism Go fl VgG Go/ {9' — l)Go 
induces an isomorphism 

Go n G'° n V^G ^ V'^{Go/{9' - l)Go) ~ V''H^^{P\M(S> £"*)• 
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As a consequence of the lemma, for any f3 e (—1,0], 

(6.6) Vl^R^Ii^JiT - z)V^^R^Ii^^ ^ Rv(^+'Hl^(F\M(E) E-'). 

Lemma 6.7. — // {M,F,M) underlies a polarizahle complex Hodge S>-module, then 
the Birkhojf problem for the Brieskorn lattice of (Af, F,M) has a V -solution. 

Proof. — We follow the argument of j22( Lemma 2.8]. Accordmg to |5i Prop. B.3(l)], 
giving a ^-solution to the Brieskorn problem for Gq is equivalent to giving, for 
any [3 G (—1,0], a filtration of ^'qG which is opposite to G^^^^'ipgC and which is 
stable by the nilpotcnt operator induced by —{Ode — /?)• According to (|5.22p and 
CoroUarv I5.14l( 3|l. G^^'^'ip^G is the Hodge filtration of a polarized complex mixed 
Hodge structure for which the nilpotent endomorphism is a nonzero multiple of . 
Remark 15.51 gives then a convenient opposite filtration. □ 

6.b. Deligne's filtration on the exponentially twisted ^j^-module 

In this subsection, we denote by X an open disc in C with a coordinate x centered at 
its origin. Let M be a regular holononiic ^x-niodule equipped with a good filtration 
F.M. We will make the following assumptions: 

(1) M has a singularity at x = at most and is the minimal extension of its 
localized module M :— &x\^l'x\ ®ex 

(2) The eigenvalues of the monodromy of the local system Ker \dx : M|X' ^\x*\ 
have an absolute value equal to 1. (Hence, the decreasing Kashiwara-Malgrange 
filtration V"M. of M at the origin is indexed by a finite set of real numbers translated 
byZ.) 

We denote by M £^^/^ the i^x[l/2^]-niodule M equipped with the twisted con- 
nection V — d{l/x) (i.e., if e is the generator of the rank one i^x[l/2^]-niodule £^^/^, 
we have dx{e®m) — e® {{dx + x~'^)my) . For any 7 S M, we denote by [7] the smallest 
integer ^ 7, so that 7 — [7] G (—1,0]. Deligne's filtration is defined for 7 G M by: 

Fi^^i(M ® £-1/^) := 9^a;-i(i^M+fcy'^-r7l]vt £-1/^). 

(The usefulness of the shift by x^^ will appear later.) From now on, we will skip the 
term (g)£~-'^/^, so we will write 

Fj^^jM := ^{dx + a;-2)'=2;-iFM+'=yT-rTlM. 

fe^O 

The sum above consists of a finite number of terms since, for (3 G (—1,0] fixed, 
F'-y'^M = for r > 0. Therefore, each F^^^^M is a locally free ^jsf-module of finite 
rank. Moreover, we clearly have the transversality property [dx + x^'^)F^^^l^ C 

Let us show that the filtration is decreasing. Assume that 7' := (3' +p' ^ J ■— P+P, 
with f3,f3' G (-1,0] and p,p' G Z. The inclusion F^'+p' C F^+p is clear if /3' > /9 
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F/3+PTYf 



(so p' ^ p). It remains to consider the case where /3' < f3 and p' ^ p + 1 and it is 
enough to assume p' = p + 1. Writing I = {dx + x^^)x^ — dxX^, we get, for k ^ 0, 

+ {dx + x-^fOxxEP+^+'^V'^'M. 

In the right-hand side, the first term is contained in F-^'^p as /?' + 2 ^ For the 
second one, we note that dxxFP+^+'^V^' C FP+'^V^^' C x-^FP+''Vf^'+\ so the second 
term is also contained in F^^p, as + 1 /3. 

Example 6.8. — Let us assume, as in |4], that (|5.12p holds and that j*F*M has only 
one jump at p 0, so j*F'^M = and fF^M = j*M. Then, for [3 e (-1,0] 
and p S Z, 

'O ifp^l. 

Indeed, if p = —1 for instance, 

^Dci^^ - {dx + x-^)x-^V^ + x-^V^ = x-'^V'^, 

as X + 1 is inver tible on V^^JA (as M has a regular singularity at a: = 0, it is enough 
to check this on modules like Gx{dx) l{xdx — a)'')- 

6.C. Deligne's filtration on the de Rham complex. — We now consider the 
case where (M, F*) is a filtered ^-module on the projective line . We denote by t 
a fixed affine coordinate on the affine line = \ {oo}. We define the Deligne 
filtration on M (8) £~*, with M := ^pi(*oo) ®0^^ M, by the following formulas (for 
simplicity, we identify M® £~* with the i^pi (*oo)-module M with twisted connection 
^ ~dt): 

. Away from oo, we set F^'^pI^ = F^M for /? e (-1, 0], and p G Z, 
. near oo, we set x — Xjt and use the definition of §6.bl 

The de Rham complex DR(M ® £^*) is filtered by setting, for each 7 6 M, 

Fj^^i DR(M ® = {0 -> Fl^l^^ ® £-*) — ® Fi^;/(M ® £"*) ^ 0}, 
a complex which is also written as 

{0 ^ FljA ^ F^;,'M ^ 0}. 



Example 6.9. — Let us consider the case of Example 16.31 Using the computation in 
Example 16.81 we find, on \ = 0} with the coordinate t', 



F^,(M®£-*) 



if 7 > 0, 

C[t']t'-2p[l] if 7 =-p,pgN, 
C[t']t'-(2p+i)[i] if7 = -a-p, peN. 
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In particular, the complex gr^^^" DR(M (g) £ *) reduces to the complex having only 
gTp^^(l\l ® £^*) in degree one, and we get 16. 11^ ]) in that case. 

Theorem 16.11 is a consequence of the following proposition, together with Lemma 
Oand (lOl . 

Proposition 6.10. — ^/(3Vt, F') underlies a polarized complex Hodge S^-module on P^, 
then the filtered de Rham complex i?rDR(M £ *:^dci) strict, that is, for any 
7 G M, the natural morphism 

W (P\ Fj^ei DR(M £-*)) — > H* (P\ DR(M £-*)) 

is infective, with image V'-'^M^ {F'^ ,'DR{M ® £"*)) (when * = Ij. 

Proof. — We assume for simplicity that RpJ^ underlies a polarized Hodge ^-module 
of weight 0, with polarization (Id, Id), that we denote = {RfM,, RpM., Rpk) = 
{Ji, , C) (cf. |19j). Let us consider a new copy of the affine hne, that we denote 
by with coordinate r, and let us denote by p : P^ x ^ P^ the projection. Let 
us set = (-Sf , ^C) with 

and '^C defined as in [18i §3]. If V' ^ denotes the F-filtration along t' — 0, we have 
V^JM = RpV^.^i for /3 > -1. The V"-fihration of along r = is computed in 
|18j . In a chart near (t — oo,t = 0), setting t' ~ 1/t, it is given by the formula 
(if/3e (-1,0]) 

k^O 

(There is also a formula for for any 7 G M, but it will be needed here.) This 

can be rewritten as 

y/-^ = ^(1 ® zdf +T® <'-2)'=(C[t] ®c t'-^RpV^^M). 

k^O 

Let us now consider the multiplication by r — z. It is clearly injective on hence 
on each Vf'?^. The cokernel is given by 

F/^/(t - z)T//^ = Y^idf + t'-^)H'-h''C[z]RFV^?M 

fc>0 

that is, for any /? G (—1,0], 

(6.11) y/^/(r - z)lf ^ = i?^0+-(M £'!/*'). 

Del 

In a chart away from t = oo (and near r = 0), we have, for f3 G (—1, 0], 

and therefore (|6.1ip remains valid in this chart. 

Let p : P^ X A^ ^ A^ denote the projection. Then, according to [16[ Th. 3.3.15], 
[181 Prop.4.1(ii) and Cor. 5.9] and [H Th. 6.1.1], the filtered complex p+V;^ is 
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strict, that is, .yiC^p+V^'^^ — » J^^p+'3^ is injective for any j and /?, therefore 
J^'p+Vf?^ = for any j ^ Q and any /3, and JfV+V"/-^ is identified with 
y/jf = VfR^I = i?^ioc (because /3 > -1). 

We thus have an exact sequence 

^ .yf"p+Vf^ . ^^VK'^-^ ^ ,^°p+Rpi^+' (M £-*) ^ 

Del 

which is identified with the exact sequence (cf. (|6.6[) ) 

^ y/i?Wi?ioc ^^"^ ' K^iS^ioc ^ i?i//3+-Fit,R(P\M (g) £-*) ^ 

The identification of the action of z^c^z, i-e., the grading with respect to the filtrations 
involved, gives 

J^"p+R„fi+. (M ® = (V\R„„+.+i DR(M ® £"*)) . 

Fixing the power of z shows therefore that, for any p ^1,, the morphism 

(P\ F^+P DR(M — > (pi , DR(M £"*)) 

induces an isomorphism onto V^^'^^^ H^^{¥^ , M (X) £^*), as was to be proved. □ 

Remark 6.12. — It is possible to define the Deligne filtration as a filtration on G and 
not only on its fibre at = 1. For any 7 G R, one sets 

F^^fi = c[0, e-^] ■ (Go n V^G) c G. 

One easily checks that Grifhths transversality holds for this filtration (i.e., t- F^^^G C 
F^~^^G). Moreover, the limit filtration when 6* ^ is the Hodge filtration on 
0^g(_i,o] S^Ve G, that is, for any /3 G (-1, 0], 

^^ei §4 G (F^,iG n VfG)/iF^^,G n V>''G) 

jumps at most at 7 = /3 + p, p e Z, and 

J^Dc? §4 G^GP g4^ G := (G'^ n V,^G)/{GP n V>^G), 

where we recall that G^ ~ O'^Gq. These properties are checked by using a ^-solution 
of the Birkhoff problem for Gq, as in Lemma 16.51 

7. The new supersymmetric index and the spectrum 

Let (^,o5^) be a polarized complex Hodge ^-module of weight w on P^ 
(cf. Definition IS.lip . Its exponentially twisted de Rham cohomology J^°a+^5^ 
is an integrable polarized twistor structure of weight according to CoroUarv lS.f 61 
which is identified to the fibre (=^,=5^)i of the Fourier-Laplace transform (^,^5^) at 
r = 1. 

Recall (cf. Appendix IB|) that we have a rescaling action with respect to r £ C*, 
that we denote by /i*, on integrable twistor structures. Applying it to ,3^, we get a 
family Susy , ^{T) of polynomials in T with coefficients depending on r G C*. 
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Theorem 7.1. — // , 5^) is a polarized complex Hodge & -module of weight w, then 

limSnsy^.^(T) = SP^(T), 

Remark 7.2. — It follows that the eigenvalues of the new supersymmetric index of 
interpolate, when r varies between and oo, between the spectrum at oo, 
which gives, by exponentiating, the eigenvalues of the monodromy of the original 
variation of Hodge structure around t — oo, and the spectrum at 0, which gives, by 
exponentiating, the eigenvalues of the monodromy of the original variation near the 
singular points at finite distance. In particular, in general, Susy^,^(r) is far from 
being constant with respect to r. 

As we will indicate below, is nothing but the fibre J^. If w = 0, ■^\t^o is 

a variation of polarized pure twistor structure of weight 0, hence corresponds to a 
flat bundle with harmonic metric h. The flat bundle is nothing else but G^" with 
its connection. Now, Susy^(r) is the characteristic polynomial of the selfadjoint 
operator J2 acting on the C°° bundle associated to G. Therefore, at each t° G C*, 
the fibre Gr" has a /i-orthogonal decomposition indexed by the eigenvalues of £2r°- 
This decomposition does not give rise to a filtration of indexed by a discrete set 
of R, however. On the other hand, Deligne's filtration introduced in Remark 16.121 is 
a Hodge-type filtration, but does not correspond, in general, to the previous 'Hodge' 
decomposition. Nevertheless, this difference disappears asymptotically when t 0, 
according to the theorem. 

Example 7.3. — Let / be a cohomologically tame function on an smooth complex 
afRne variety U as in Examples ll.4l and ll.8l and let Go be the corresponding Brieskorn 
lattice. In [191 Th. 4.10] we have defined (following a conjecture of C. Hertling) a 
sesquilinear pairing G on Go and proved that := (Go,Go,G) is a pure twistor 
structure of weight polarized by (Id, Id). It is moreover integrable, and can be 
obtained as the direct image by the constant map of the exponential twist of the 
minimal extension of a suitable variation of Hodge structure (namely, the intermediate 
direct image by / of ffjj, with a suitable Tate twist). 

In such a case, there is a natural real structure coming from the real structure 
on the cohomology H'^™^ {U, f^^{t)) for a regular value t S C of /, and we can 
define ^^^'^'^ as in Remark I2.6i whose eigenvalues are symmetric with respect to 0. 
According to the symmetry, mentioned in Examples 11.41 and 11.81 of the spectrum at 
the origin or at infinity with respect to idimC/, Theorem 17.11 reads: 

lim Susy;:?^*(r) = SP^„(r - i dim[/), 

lim Susy«|^*(T) = SP°g„(T - i dimC/). 

Proof of Theorem YI .1\ — It will have three steps. 
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Step 1. — According to Proposition IB. 21 in the appendix, /i*^ is regarded as the 
fibre at r of the Fourier-Laplace transform ^ oi 3^ , whose definition is recalled in 



Step 2. — According to [19] (cf. i j4.cp . .!7 is an integrable polarized regular twistor 
^-module of weight w on the analytic affine line with coordinate r, and according to 
Theorcni lA.ll of the appcndix[Xl it is an integrable wild twistor f^-module of weight w 
at T = oo (this could also be deduced from 1121). We can therefore apply Theorem 
13.11 at T = and Theorem 13.51 at t = oo to compute the left-hand sides in Theorem 
O 

Step 3 for r — > 0. — From Corollary 15 . 141 applied to the right-hand sides in (|4.5pf *)[ 
we conclude from Lemma [5.8l that the Susy polynomials are equal to the corresponding 
SP°° polynomials. It follows that such a property holds for the left-hand sides, as 
the shift by (3 is the same for Susy and SP°°. By Corollary 15.161 and Lemma [5.81 
M'^a+fT' satisfies Susy = SP°°, hence so does the left-hand side in (|4.5p(**)l It follows 
that z^dz) is Tw of a polarized complex mixed Hodge structure of 

weight w, hence also satisfies Susy — SP°°. Therefore, 

n nsusy,rM*?^T^)= n w^K^f^^^^^^) 

/5e(-i,o]^ez ^(G(-i,o]£ez 

= SP°^(F) (T) after Corollary [QTI 

^ SP|^(r) by definition. 



On the other hand. Theorem 13 . 1 1 giyes 

liniSusy^(r) = Jl \{Susy^^»^,^T). □ 

/3e(-l,0] fGZ 

Step 3 for t — > oo. — We argue similarly at r = oo. We apply Corollaries 15.141 and 
15. 151 to the right-hand sides in (l4.6|)(*)l and get, according to Lemma [5?8l the equality 
between the Susy polynomial and the SP*^ polynomial. This equality then also holds 
for the left-hand side, as the same shift oi —{(3 ~\- 1) applies to both. We conclude: 

n n ns-y^.M,./.'.^T)=n n nsp°,M,y.',.^(r) 

i /3e(-i,o]£ez ^ i i3e(-ifi\t£i ' ^ 

nSP"(F)(T) after Corollary [OSl 



SP|^(r) by definition. 



On the other hand. Theorem 13.51 giyes 



hn.^Susy^,(T) = n W 11 ^usy^.M ^V^''^^^)' ° 
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Appendix A 

Stationary phase formula for polarized twistor ^-modules 

Let be a polarized regular twistor ^-module of weight w (in the sense 

of [16j or jllj ) on P-'^. The Fourier-Laplace transform {,'7,5^) is an object of the 
same kind on the analytic afhne line with coordinate r, after [15j and [18| . The 
purpose of this appendix |^ is to show that this Fourier-Laplace transform naturally 
extends as a wild twistor i^-module (in the sense of }20) . cf also [12) ) near 35 G 
and to relate the corresponding nearby cycles with the vanishing cycles oi , ,5^) at 
its critical points (stationary phase formula). While the first goal could directly be 
obtained from recent work of T. Mochizuki |12j . we follow here the method of [18' in 
order to get in the same way the stationary phase formula. We will use the notation 
introduced in §2. bl and in §4.bl 

Theorem A.l. — Let he a polarized regular twistor & -module of weight w 

on . Then its Fourier- Laplace transform {3^,5^) is a polarized wild twistor ^- 
module of weight w on and, for any c C, we have functorial isomorphisms in 
M- Triples(pt) compatible with the polarizations induced by ,5^ and .y respectively: 

{K'''-''^,yK')^{^^+,^,^t+c) z/Re/?e (-1,0), 

gr^^-'.^F^gr^^f^^^ ^ff3e^R*, 

Remark A.2. — In [18] and [161 Appendix], the distinction between the two lines in 
the analogue of lA.lf *) was mistakenly forgotten in the corresponding statements (see 
Footnote [3] below) . 

Proof. — According to the results of |15) and [18) , it is enough to prove the conditions 
on the wild specialization at oo, that is, (*) and (**) with possible ramification at 
r' — 0. We will denote by iq the inclusion {0} ^ P^. We can reduce to the case 
u; = by Tate twist by (w/2), and assume that ,5^ = (Id, Id), so ^= (Id, Id). The 
compatibility with polarizations will then be clear from the proof. 

As in |18) Prop. 4.1], we will denote by Dp the divisor 1 • i if /3 G iW_ and 1 ■ (— i) 
if /3 e iW^, and Dp ^ Q otherwise. For a ^-module the ^-module jy{Dfj) 
is defined as usual as ^^^{Dp) We denote the monodromy filtration of a 

nilpotent endomorphism by M, . 

Lemma A.3. — Let ^ be a coherent ^^i-module which is strictly specializable at 
t — 0. Then the ^^{*oo) -module €^ is strictly specializable along r' = and we 
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have natural functorial isomorphisms of ^ -modules with nilpotent endomorphism 

(*°)''^Ao,N.O-*o,+ (^f^Ao,Nt) z/Rc/3e (-1,0), 
gr^*°',''^Ao^*o,+ (grr«'f-^(i?/3)|Ao) ^//3e^K^ 

Recall (cf. |16| §3.6.b]) that (j)^^^ is also denoted (or iptfi-^ if one uses 

the increasing notation), but later we will extend the correspondence with sesquilinear 
pairings, where the distinction between and is important. Recall also (cf. |20j ) 
that the notation 5'°'/'^ has the same meaning as 4'^,'^ (as used on the right-hand 
side), but we mean here that the possible exponential factor is zero, for later use. 

Proof. — We will consider the two charts (t, t') and {t',T'). Let us first start with 
the second one. Let {mi)i^i be a finite set of J^g^i j^fi ^^^^-generators of ^t'^^z„- Then, 
from the formulas (cf. [Ml (A.2.5)]) 

m/t'r' (g> £-*^/^ = r'dr'im £-*^/^) 

dt'{m £^*"/") = (dt'm) ® + r'(r'g,0'(TO £"*"/"), 

we conclude that, in this chart, is Vb^^'-coherent (where the T^- filtration on iF 
is relative to r' = 0) and that it is strictly specializable along t' = with a constant 
y-filtration. 

Let us now consider the chart (t, r') and the corresponding formulas 16, (A. 2. 4)] 
3t(m eg) £"*^/^) = [(5t - 1/T')m] ® £-*^/^ 

The proof is very similar to that of |18[ Prop. 4.1]. It will be simpler to work with 
the algebraic version of ■Sf, that is, to consider the projection p in the algebraic 
sense, so p'^^{*oo) = C[t',t'~^] ®c Moreover, as we work in the (analytic) 
chart with coordinate t, there is no difference between ^ and We will exhibit 
the y-filtration of along t' — 0. As such a filtration is only locally defined with 
respect to z, we fix Zq and work with in some neighbourhood of Zq. Wc will forget Zg 
in the notation of the ^-filtration. For any 6 S M, let us set 

^g^^T'-''^(l/''+'=^® £-*/"^') C .^[r',r'-i] (g, £-*/^"', 

£^0 kel 

where V'^ is the F-filtration (near Zo) of ^ along t = 0. The following properties 
are easily checked: 

. J7*"^ is a decreasing filtration of '3^ by [t'] (T'9T-')-modules. 
. = (so t' induces gr^ ^ ^ g?+' ^). 

. From the strict specializability of ^ (cf. [161 Def. 3.3.8 & Rem. 3.3.9(2)]) we get, 
for b e (-1,0] and fc G N, 1/^+'=^ = t'^V'^jK and F^-i"'^.^ = ^^^Z^J dlV'^^ + 
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d'^V^-^^. If we write, according to [Ml (A.2.4)], 

fc^O 

and, for fc ^ 0, 

fc-l 

we find that U^'3M is ^,321 [r'] (r'Sr' }"Coherent, and locally generated as such by 
mi ® £~*/^'^ and t' (jij ® £^*/^^ ), if mi (resp. nj) are local (i9f )-generators 
of V^.£ (resp. 

• If Bb{s) is the minimal polynomial of tdt on gr^ then, for any local section m 
of V''^, as (tSt + T'dr')im (S £^'/^^') = (tdtm) ® £-*/^^' and as dtt{m (g) £-*/^^') e 
C/^+i-^, we find Bbir'dr' - l)(m ® £-*/^^') e [/>*-^. 

It follows from these properties that V^'^M := U^^^'^ is a good candidate for being 
the y-filtration of . It remains to check the strict specializability, by computing 
the graded modules. 

For any 6 e R, the map (where 77 is a new variable) 

p p 

induces a mapping 

(A.4) igTl^[fj],mt) ™> (gr^^,T'g,, - 1) (grt-^,T'g,0, 

and we have a commutative diagram 

gr^ ^[77] > gr^ 

(A.5) St r'-i 

grtr^^W >grt7^^ 

Moreover, if we identify in a natural way gr^ ^[rj] with io,+ gry --^j this map is a 
morphism of ^^i-modules. 

Lemma A.6. — lfb<0, (jA.4p is an isomorphism of -modules. 
Proof. — If 6 G< 0, we assert that 
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which impUes that the morphism (|A.4p is onto. Indeed, on the one hand, using the 
formulas 16, (A. 2. 4)] recalled above and iterating the inclusion 

C t/^+i-^ + {V'^Ji ® £-*/^^'), 

we get 

On the other hand, if & < 0, for any fc ^ 1 we have V^-^ J/: = 'Q\V^ + V>^-^ J( 
and 

^:k(yh-kj^ ® £^*/^^') c (r'St + ifiy^'Ji ® £"*/"^') + C/>''^. 
Notice then that, for j ^ 1, g^ (y''^«)£-*/^^') C J/''^ and r'jg^ (y''^® £-*/^^') C 

The morphism (|A.4p is also injective: one remarks that, given local sections rij 
of if t'-' jIj (8i £~*/^'^ is a local section of ^ then the dominant coefficient 

with respect to t'~^ belongs to ^ (by considering the dominant coefficient with 
respect to r'^^ in an expression like X^p^H'^p ® £~*/^'^ )); arguing as in [18| Proof 
of Prop. 4.1, §(ii)(6)], one gets the injectivity. □ 

At this point, we have proved the strict speciahzabihty of along r' = 0. We 
now prove the existence of the isomorphisms (*) and (**) of Lemma I A. 31 

Let /3 be such that Re/3 £ (—1,0]. The morphism (|A.4p induces, near Zo^ a 
morphism (io,+V'f Nj) (-0^, N,-/ ) . One can show that these locally defined 
morphisms glue together. Setting €z„(/3) = Re/3 — (ImZo)(Im/3) (cf. [161 p. 17]), if 
izaiP) < 0, it is an isomorphism near Zo, according to the Lemma lA.6l with b = izAP)- 
Let us first show that such remains the case if izaiP) = 0- In this case, by definition 
of strict specializability (cf. |16[ Def. 3.3.8(c)], we know that 3t : tpf^ is 
an isomorphism near Zo, so we conclude using (IA.5[) . 

Let us now assume that ^z„(/3) > and let us choose fc e N such that £z„{P — fc) G 
(—1,0]. Near Zo, we get from (jA.5|) a commutative diagram 

where the right vertical map is an isomorphism, by definition, and the choice of k 
implies that the lower horizontal map is an isomorphism. On the other hand, by 
the strict specializability of ^ at i = (cf. ,16, Def. 3.3.8(lb) and Rem. 3.3.9(2)]) 
and the choice of k, the map t'^ : i/jf"'^^ tp^^ is an isomorphism, and S^i'' : 
ip'^~^^ Vf "''^ is equal to H^^o [(/? " j) * ^ + Nt] ■ We note that (/3 - j) * z + Nt 
is invertible near Zo unless (/3 — j) -k Zq — Q. With the conditions Zo G Ao, /3 ^ 0, 
R-e(/3 — j) ^ 0, j = 0, . . . , fc — 1, ^z„(/3 — j) > 0, this vanishing only occurs if j = 0, 
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Re/3 = and Zo — i ii Im P < 0, Zo — —i if Ira (3 > 0. Therefore, on the one hand, 
the natural morphism (jA.4[) induces 

(A.7) »o.+^f ^|A„ ^f-^Ao if Re /3e (-1,0). 



On the other hand, if /3 G iR* , one checks similarly that, grading firsl|^ by the 
monodromy filtration in order to kill Nt, (jA.4|) induces an isomorphism 

(A.8) zo.+ grf ^f^Ao ^ grf Vf.-^Ao(-i?/3). 

Lastly, if /3 = 0, we consider the isomorphism 

(A.9) Zo, + Vr'-^Ao ^ C''-^|Ao V'^'^IAo- 

Notice that, by definition, = So, at this point, we have obtained 

lA.Sr **). In order to get lA.Sf *). it remains to compare i^t^\Ao with ^'f^i^o- Argu- 
ing in a way similar to that of [181 Lemma 4.18], we conclude that, for Re/3 G (—1, 0], 
the natural inclusion ■(/'f^Ao ^ ^f-^Ao is an isomorphism. This gives IA.3F *). 

Finally, the functoriality of the isomorphisms lA.Sf *) and (**) is clear from the 
construction. □ 



Let ^ = (^',^","^8) be an object of ^- Triples(pi), such that Ji' ,J^" 
are ^^i-coherent and strictly specializable along i 0. Then '^S^ is defined as 
(■^', -Sr", -^"^s), where -Sf" are as above and ^'^■^ is defined in [H P- 196]. 

Lemma A.IO. — Let 3' he as above. Then the isomorphisms of Lemma lA. 31 extend 
as isomorphisms 

(*°'.^^^,^r')-*o,+ (*f^,^) z/Re/3e (-1,0), 
grf ^ *o,+ (grr *f =^) «//3 e ^M^ 

(«) (<'^^^,^.0 2. zo,+ (<^r'^,^)- 

Proof. — The point is to prove the compatibility of the corresponding sesquilinear 
pairings under [XTSl *') and (**), up to F- factors that we will analyse, as in [181 Proof 
of Prop. 5.8]. 

Let us fix 0o e S and let us work in the neighbourhood of Zq. For /3 ^ with 
Re/3 G (—1,0], let us set a — —(3 — 1 and 6 = iz^iP)- Let m',m" be local sec- 
tion near (t = 0,Zo) of V''^',V''^" inducing sections [m'], [m"] of ipf^',il;^^" 
on gr^^',gr^^" (recall that Vf-^|s = *f-^s, cf. [Ifil Lemma 3.4.2(2)]). We 
regard [m'], [m"] as sections of io,+ipf ,io,+'^Pt-^" (degree with respect to i]). 
Following ([A.4|) . they correspond to sections [t'~^to' (8) S"*/^"^ ], [T'~^m" (g) g"*/^-^ j Qf 



(^)This grading was forgotten in |18| . 
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By definition, we have, for any C°° form ip{t) of type (1, 1) on 
with compact support in the chart t, 



= Res^^^^^/^ {'^s{jn\'m"),I^{t,s,z)Lp), 

where x is with compact support in P^, = 1 near t' — Q and = far from t' — 0, 
and is defined for Re s > as in [161 §3.6.b] by 

h{t,s,z)^ f e^*/^-*/-'|rf(^-i)x(r')^dr'Ad7^. 



The last equahty above means that (^'rfsi'm' ,m"), I^{t, s, z)(f) is hofomorphic with 
respect to s for Res > and extends as a meromorphic function of s, of which we 
take the residue at s = a * z/z. 

One first proves, as in [16[ Lemma 3.6.6] that ('^s('Ti',r7i"), /^(i, s, has poles 
on sets s = "f-kz/z{zGS) with Re 7 < Re a or 7 = a. Moreover, only the first case 
occurs if if vanishes along t = 0, and we can thus assume that = ^dt A dt near 
t ~ 0. As the residue at s — a* z/z does not depend on the such a tp, we can assume 
tp — -^^dt A dt with X = 1 iiear t — Q. We will compare (^^sim' ,m"), I^{t, s, z)x) 
and (^'T^s{rn' ,m"), jip^x^) before taking their residue. 

If we denote by T the distribution x'^s{'m\iTi"), and by the Fourier transform 
with kernel e*'^^~''^/^^dT Acir (cf. [161 Rem. 3.6.17]), these functions are respectively 
written as 

y"^T(T,z)|T|-2(^+i)£(T)^dT A(fr and J .^T{t, z)T^{t, s, z)^dT A dr 

with Ix{t, s, z) :— ^^^(|ip'*x) (this is analogous to (3.6.25) and (3.6.26) in loc. cit.). 

We note that {1 — x{t))^T{t, z) is C°° with compact support, so its inverse Fourier 
transform rj is in the Schwartz class, and 

.^T{t, z%{t, s, z)(1 - x{r))i^dT A dr 

reads / vx\t\'^'^ ^dt A dt, so takes the form r(s + l)h{s,z), where h is entire with 
respect to s. Using the computation in |18[ Lemma 5.14] for (replacing t there 
with T here) and in particular |18[ (5.17)], we finally find, if /3 7^ 0, 

r(l + a ★ z/z) ic^ I I — ^ r ^ \ 

— — -— Res^=„^^/2 ('#s(to ,TO ),/^(t,s,z)x) 

= Res,=„.,/, (^s(m',~),|i|2-x). 

Let us write r(l + a * z/ z)/T{—a * z/z) = ^JI as in [181 Lemma 5.5], and = —Dp. 
Using ([A.7|l or ([A.8|l we find (grading only if /3 G zR*, that is, if 7^ 0) 

(grr)(*^,-^'(^M).^^''^"(^/.)>MM-^^s) ^ zo,+(grr)(^f^',*f^","^s). 
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lA.lOr *) follows then from [18, Lemma 5.6]. 

Arguing similarly for /3 = 0, we note that lA.lOl **) is by definition (of. [16i (3.6.18) 
& Rem. 3.6.20]). □ 

Arguing as in |18| by applying |16i §6.3], we get lA.lT *) and for c — 0. It is 
then not difficult to check that replacing t with t + c corresponds to twisting ^ by 
S'^/^'^ , and to get (*) and (**) for any c G C in the same way. One checks that lA.ir *) 
and (**) hold after ramification by using [20[ Rem. 2.3.3]. □ 

The integrable case. — Let us now assume that .y) is integrable. We will describe 
the compatibility between the actions of z^dz in Theorem lA.il Recall that, with this 
assumption, the numbers (3 such that ^'f 7^ are real, and thus so are the numbers (3 
such that 5^ 7^ 0. In the computation above, we can set b = j3 and do not worry 
about the local dependence with respect to Zo (cf. [161 Chap. 7]). 

The morphism (|A.4[) is compatible with the natural action of z^dz on zo.+ gr^ ^ 
on the one hand, and the action of z'^dz — r'd'^ on gr^j^ on the other hand (where 
the action of z^dz comes from the natural action of z'^dz on cf. Lemma [4. 4p . As 
we set /? = 6, we thus have, for /3 < 0, 

(ic+V-f z'^dz) [4^1^^^, z^dz + l)z - Nr'). 
As multiplication by t' commutes with z^dz and N,-/, we obtain 



iio,Wt^,z^dz) 



(Vf,-^, z^dz -{[3 + l)z ~ if /? e (-1,0), 

{il^lM,z'^dz-^r-) if/3=-l. 



In a way analogous to that of Lemma lA.lOi we conclude 

(zo,+^f z^dz) ^ (V^f,^^, z^dz - (/3 + l)z - if /3 e (-1, 0), 

{i^^+<j)T^3r,z^dz) (^°,^,z2a, -N,o. 

As 'i/'f' commutes with the direct image by p in our context, we get 

(vff ^, z^dz) ^ {^'f^,z^dz - (/3 + l)z - if /3 e (-1, 0), 

{<j,i^3r,z^dz) ^ {^l'?^,z^dz-nr,l 

and, grading with respect to M. kills N^' and gives, for any £ e Z, 

(A.ll) {gvf^l^,z^dz)^{grf-^lf^,z^dz-{l3 + l)z) if/3G(-l,0), 
(A.12) {grfc^i\^,z^dz) ^ {grf-^y^^z^dz). 

Lastly, we get a similar result after translating t by c £ C. 
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Appendix B 
Rescaling 



In this appendix IB| we recall the notion of rescaling of an integrable twistor struc- 
ture considered in [Sj Dei. 4.1]. We also explain how the "no ramification" condition 
is related to a good behaviour of the rescaling. 

Let (Jf ', "/^s, V) be an integrable twistor structure (cf. fj^jclwith X reduced 
to a point). In order to clarify notation, we will denote by i] the coordinate denoted 
by z before. By integrability, Vj,2g^^ acts on J^',Jif" in a way compatible with ^s- 
For the sake of simplicity, we will denote by rj^drj this action. The bundles Jff',Jif" 
are a priori defined on some open neighbourhood of {jry ^ 1|} but, using the gluing 
defined by '^s and its compatibility with V, we can assume that they are defined, 
together with the action of rf'dri, on the whole complex line with coordinate ry and 
that is the restriction to S of a sesquilinear pairing compatible with V 




Let us consider the map ^ : Ct' x fio — > defined by /i(T', z) = rj = t'z (for r' 7^ 0, 
we will set r = t'~^; this corresponds to the coordinate r in ii4.bp . The pull-backs 
H* J^' , fi* Jff" are holomorphic bundles on Ct' x Hq. When restricted to the open 
set r' 7^ 0, they are equipped with a flat meromorphic connection having a pole of 
Poincare rank one along z = 0. We have 

z^9^(l (g) m) = r'"^(l ® 77^9^771) and r'^S^' (1 ® to) = 1 ry^a^m. 

For a fixed e C*, denote by n* the composition of /i* with the restriction to 
r' = r-i. This defines ^J.*^Jf',^i;^JS'". 

In order to define the rescaling of the sesquilinear pairing, we need to be careful. 
Indeed, the rescaling is not compatible with twistor conjugation, as we have /i*^^^'. = 
/il-ic^C" therefore need an identification ~ /x*.!^^. in order to get 

a sesquilinear pairing /^^^"^ such that {fj,*^Jf,fi*^J^",iJ,*^'Tf) is a twistor structure. 
This identification is obtained through the parallel transport with respect to the 
holomorphic connection on fi*Jf^'^,^^, from To x C* to r^^ x C* along the segment 
between To and t~^ . 

One can rewrite this definition in a way independent of Tq G C*. For that purpose, 
let us denote by if" the local systems on C* determined by (^', V) and (Jf ", V). 
We get a pairing ® cr^^^g Cs by restricting "^^s to these local systems. We 
remark that, on S, a coincides with the involution l : j] t-^ — r/, and we can extend (by 
parallel transport) in a unique way '^s as a pairing 



Taking the pull-back by /i commutes with l (with respect to rj and to z), and restricting 
to C*, X S gives a pairing 



C, 



C: 




C*,xS 
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Identifying now t|s and (T|s in the z-variable gives the desired sesquihnear pairing 
/i*'^s at the level of local systems, and thus at the level of holomorphic bundles. 
Clearly, it is nondegenerate. 

Definition B.l (Rescaling). — Let 5^ = (J^',^",'^s) be an integrable twistor struc- 
ture. The rescaling ^i* is the triple {^* J^' , ^* J^f" , fi*'^s) defined as above. 

We have the following properties: 

. By construction (and because /i*'^s is nondegenerate), fi*^ is an integrable 
variation of twistor structure on C*, . 

, Functoriality: This mainly reduces to showing that, given ^ — (Jf J^", "^s) 
with M" defined on some neighbourhood of {77 ^ 1}, the extension of J^',^" 
to C,; by using the gluing is functorial. This is done as follows. The pairing "i^s induces 
an isomorphism ~ .^"^ on some neighbourhood of {77 — 1}, which allows one 
to extend J^' as a bundle on C^. If : ^ ,3^ is a morphism, the previous 
isomorphism is compatible with ip' : and Tp"^ : ^'J^"^ by definition. 

Therefore, it extends to C,,. 

• Compatibility with adjunction: Restricted to local systems on {r\ = 1}, the 
adjoint of is o'^^'^^g, where '-^^ is the adjoint with respect to the standard 
conjugation. So, working on local systems, 

= (T ^"^^ = t ^^\^=\ 

and 

. Compatibility with Tate twist: For fc G ^Z, 

so 

ii'{Sr{k)) = (A^*^',Ai*^",r'-2'=(^z)-2V*'^s)• 
We therefore have an isomorphism 

V.:(/i*^)(fc)^A**(^(fc)), 

with ip = i(p',(p") and ip' = t'^^'^U^.^', ip" = Id^.,^--. 

Proposition B. 2. — // is the polarized twistor S!-module 0/ weight w associ- 

ated to a variation of Hodge structure of weight w as in Proposition 15.101 then, when 
restricted to r ^ 0, 00, the Fourier- Laplace transform is identified with the rescaling 
of its fibre at t — 1 as defined above. 

Sketch of proof. — One first reduces to weight 0, by using the compatibility of rescal- 
ing and Fourier-Laplace transform with Tate twist by w/2. One can also assume that 
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~ (Id, Id). Then the result follows from [191 §2b & 2c] (in particular. Lemma 2.4 
in loc. cit.). □ 

In the remaining part of this section, we explain why a good behaviour at t' = 
of the rescaled twistor structure imposes the "no ramification" condition of ijl.bl 
Instead of working on {t' ^ 0}, we now work on the whole line Cr'- Let us set 
= ' or .W and ^= [i*.^e{T'-\ If we set X = 'C^,, then ^is an integrable 
Sisc [r'"i]-module. 

Proposition B. 3. — If ^ is strictly specializable with ramification and exponential 
twist at t' — (in the sense of [16 and [20jj, then {Jif, Vg^) has no ramification. 

Proof. — It will be easier to work in an algebraic framework. One can find a free 
C[7y]-module H with an algebraic connection having a double pole at = and no 
other pole, such that (Jf, Vg^) = (^c^ <8>c[7)] H,Vg^). Notice then that ^ is the 
analytization of M ~ C[t', r'^^] Cg)c H, where the action of z is defined as t'~^ (g) rj. 

Let us try to find a Bernstein relation (in the sense of [16] or, more generally with 
parabolic structure, of [11) ) for elements of M at r' = 0. Let m E H. The differential 
equation of minimal degree satisfied by m can be written as b{r]drf)m = r]P(r], ridr,)m, 
where h S C[s] \ {0} and P is an operator in r]dj^ with coefficients in C[r?]. Let us set 
b{s) = n/3ec(« ~ PY"- deduces 

W (r'g^/ - [3zYf (1 ® m) = z'^^sb . (^^' -,) ■ P{t'z, V'g^O(l ® 

/3ec 

For such a relation to be a Bernstein relation in the sense of [16L lllj two conditions 
must be fulfilled. 

(1) The right-hand side should have no pole in z; this is possible if and only if the 
smallest positive slope of the Newton polygon of the equation b^rjdri) — riP{ri,rjdri) 
is ^ 1; but we assumed that the order of the pole of the connection is at most 
two, hence the biggest slope of the Newton polygon (Katz invariant) is ^ 1. Both 
conditions imply that the Newton polygon has only the slopes and 1. 

(2) For any (3 with vp ^ 0, the function z ^ (iz should be written as z i-^ 72^ + 
6z -f 7 for some 7 G C and 6 G R (cf. [TT]). This imphes 7 = and /3 G M. 

We should apply these conditions to any exponentially twisted module . 
Condition ([T]) applied to any ^ ® S^^/^'^ implies 

(3) (J^, Vg^) satisfies the "no ramification" condition at 77 = 0. □ 
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